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230 years of dispute 

• In the 1780’s, two path-breaking approaches 
in voting theory were established. 

 

• Condorcet (1785), suggested a pair-wise 
majority based mechanism. 

 

• Borda (1781) suggested a utilitarian-based 
model: “The Borda method of counts”. 



• Condorcet mechanism: an alternative is 
chosen if it is a Condorcet winner - it wins 
against all the other alternatives in pair-wise 
majority-based comparisons. 

 

• Advantage: respects the majority principle. 

• Drawbacks: not transitive, not resolute.  



• Borda method of counts: given k alternatives, 
every voter assigns a score of si to alternative 
i, si ϵ{k-1,k-2,…,1,0} such that every alternative 
is assigned a different score. The alternative 
that receives the maximal total score is the 
Borda winner. 

• Advantages: resolute, transitive, respects 
preference intensity. 

• Drawback: majority winner is not necessarily 
chosen, somewhat arbitrary, rigid scores. 



Condorcet consistency 

• Condorcet consistency: a rule is Condorcet 
consistent if it selects the Condorcet winner 
when one exists. 

 

• No scoring rule is Condorcet consistent. 

 



Majority Consistency 

• A rule is α -majority consistent, if it selects an 

    α-majority winner when one exists. 

 

   Thus, such a scoring rule respects both 
utilitarianism and majoritarianism. 

 



The framework 

Let N={1,…,n}, n  3, denote a finite set of 
decision makers; 

 

A  - a finite set of k distinct alternatives, k  3; 

L(A)  - the set of linear orderings (complete, 
transitive and asymmetric relations) over A.  

A decision rule V is a mapping from L(A)n to the 
set of non-empty subsets of A.  

 



• A scoring rule is defined by S={S1, S2,…, Sk}  

  - a weakly decreasing sequence of real 
numbers, such that S1>Sk.(Si in S is assigned to 
the alternative in the i’th position, scores are 
weakly decreasing, S1 is assigned to the best 
alternative and Sk is assigned to the worst 
alternative.  



• Plurality rule: {S1, S2,…, Sk}={1,0,…,0,0} 

• Inverse plurality rule: {S1,S2,…,Sk}={1, 1,…,1, 0} 

• Borda rule: {S1, S2,…, Sk-1, Sk}= {k-1, k-2,…,1,0} 

   (Si must be assigned to the alternative ranked in the i’th place)  

 Approval Voting: S ={S1, S2,…, Sk}={1,1,…,0,0}  

• Approval-Disapproval Voting:  

    S ={S1, S2,…,Sk}={1,1,…,0, -1,-1} 

 



Single-Approval Multiple-Rejection 
(SAMR) 

• Under this flexible rule a score S1 is assigned 
to the single best (approved) alternative,  S2  to 
the second-best alternative and Sk can be 
assigned to up to k-2 rejected alternatives. 

 

• SSAMR={S1, S2,…, Sk}={p,0, ,…, ,-1} 



α-majority rules 

• Under these rules, an alternative is selected 
provided that it is the first choice of a fraction 
of at least α (0.5≤ α ≤1) out of the n decision 
makers. 

• A typical such decision rule selects an 
alternative if it is the best for an α –majority 
and otherwise the rule always selects one 
particular alternative (e.g., the status quo). 



SAMR - Examples 

• SAMR (p=∞), is consistent with ½-majority. 

• SAMR (p0), is consistent with 1-majority. 

• SAMR(p=1) is consistent with the ⅔ -majority. 

• The selection of p=½ (consistent with the ¾-
majority rule) is plausible psychologically 
because it can be inferred from the findings of 
Tversky and Kahneman (1992): “a prospect 
will only be acceptable if the gain is at least 
twice as large as the loss”. 

 





Consistency with α-majority, ½≤α ≤1 

• Theorem 1: A scoring rule is consistent with 
any predetermined α-majority, ½≤α ≤1, if and 
only if it is a SAMR. 

 



Intuition behind the main result 

In the extreme situations, p0  and p=∞, the implied 
consistency of SAMR is with the ½- majority and 1-
majority rules.  
 
The intuition behind the convexity of the function α(p)- 
the majority with which SAMR(p) is consistent with - can 
be interpreted in terms of the compromise-aversion of 
SAMR: 
The α -majority consistent with a convex combination of 
two best/worst relative weights p1 and p2, mp1+(1-m)p2, 
is always smaller than the convex combination  
mα1+(1-m)α2 of the two α -majorities  corresponding to 
p1 and p2.  
 



Main policy implication 

 

• The empirical plausibility of p, the 
approval/rejection relative weight.  

• The simplicity of the decision rule.  

• On the basis of these considerations, we 
propose the selection of SASR (Single 
Approval, Single Rejection) with p=½, which is 
consistent with the ¾-majority rule (following 
Kahneman and Tversky).  



Consistency with α <1/2 majority  

Theorem 2: The only scoring rule that is 
consistent with some predetermined α- 
majority, α< ½, is the plurality rule; it is 
consistent with the smallest possible majority,  
2/n when n≤k and 1/k when n>k . 

 



Impossibility of universal scoring-rule 
consistency 

 

 

Theorems 1 and 2 directly imply that: 

 

Theorem 3: No scoring rule can be consistent 
with any predetermined α-majority, 0≤α ≤1. 



Summary 

Ten advantages of SAMR are listed below. It: 
 
• guarantees the existence of an outcome.   
 

• allows more than minimal preference expression: 
decision makers are able to vote for their most and 
least preferred alternatives as well as intermediate one.  
 
• allows flexibility in the relative assessment of the best 
and worst alternatives.  
  



• allows flexibility among the decision makers; 
different decision makers can reject a different 
number of alternatives. 

 
• induces increased decision makers’ participation (in 

particular, voter turnout). It creates an incentive for 
decision makers to take part in the decision-making 
process by enhancing their effectiveness. 

 

• enables some protection against majority 
tyranny. 

 
 

 



• satisfies the plausible properties of a (standard 
and flexible) scoring rule.  
 

• is consistent with any predetermined desirable α 
-majority rule, α> ½. The designer of the decision-
making system can set different p values under 
different situations, ensuring consistency with 
different α -majority rules. 

 
• is operational (simple and information-wise 

feasible). 
• combines characteristics of the most common 

decision-making systems.  
 
 
 



• For an “ideal” (standard or special) majority, 
α≥½, the plurality rule is characterized by 
consistency just with ½ -majority.  

 

• For any possible positive “ideal” or “real” (less 
than 50%) majority, the plurality rule is 
consistent just with the minimal possible 
majority.  

• Universal scoring rule consistency with any 
majority (ideal or real) is impossible.   

 


