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Abstract

Several topics related to the common prior assumption, common knowl-
edge, common belief and agreement are studied. We first consider how
common common priors are, in the sense that we ask what happens when
we vary agents beliefs against the background of a fixed knowledge space.
Are common priors robust to such perturbations? The answer depends on
what we term the tightness of the partition profile. In a tight space a com-
mon prior is guaranteed no matter what the posterior beliefs are, but in
a non-tight space the set of consistent profiles is nowhere dense. Signifi-
cantly, these results depend only the structure of the partition spaces, not on
any particular posteriors.

We then consider what happens when priors are not common. Can we
measure how far a space is from having a common prior, and then use that
to find an upper bound on common knowledge disagreements? We show
that it is possible to approximate agreement theorems with an appropriate
measurement of how far a knowledge space is from having a common prior.
Using results in the first essay, we show that based on the partition structure
alone one can obtain an upper bound to the number of proper refinements
needed to arrive at a common prior, regardless of how far the players are
initially from a common prior.

Characterisations of common priors, including the no betting theorem
and the iterated expectations characterisation, are studied in the context of
infinite state spaces, both countable and uncountable.

Finally, we include an essay that does not directly involve common pri-
ors but resolves a question that has been open for a decade. Simon (2003)
presented an example of a three-player Bayesian game with no Bayesian
equilibrium. That important result left in its wake (at least) two open ques-
tions: (1) are there examples of games that have no Bayesian e-equilibria?;
(2) are there examples of two-player games that have no Bayesian equilib-
ria? We show here that the answer to both questions is yes by constructing a
two-player Bayesian game with no Bayesian e-equilibria. As a side-benefit,
the example also shows that there there exist strategic-form games with an
uncountable number of players and no Nash -equilibria and that there exist
two-player Bayesian games with no Harsanyi equilibria (meaning ex ante
Nash equilibria over the common prior of a Bayesian game), which had also
been open questions.
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Introduction

Ever since the introduction of games with incomplete information by
Harsanyi in 1967, the assumption that players posterior beliefs in models of
differential information are derived from a common prior has been ubiqui-
tous in the literature. It plays an essential role in the no agreements theorem
of Aumann (1976) and in the no trade theorems that followed.

It is also a basic building block of the solution concept of correlated
equilibrium which was interpreted by Aumann (1987) as the expression of
common knowledge of rationality. As pointed out in that paper, the assump-
tion of a common prior, also known as the Harsanyi doctrine, is pervasively
‘explicit or implicit in the vast majority of the differential information lit-
erature in economics and game theory’. It is commonly assumed in a great
many models of rational expectations, securities trading, bargaining, auc-
tions, repeated games, Bayesian games, signalling, principal-agent, moral
hazard and bankruptcy, to name only a few. Despite its pervasiveness, the
justification and the use of the common prior assumption was, and still is,
debated and challenged.

The special interest in the common prior assumption leads naturally to
many questions. In this work, some of those questions are studied in detail.
These include:

(1) How restrictive an assumption is the common prior assumption?
It has long been known that the set of type spaces with common
priors is measure theoretically ‘small’. In Chapter 1 we look at this
question from a topological perspective, and find that surprisingly
the answer in this case depends critically on the structure of the
information partitions, with a ‘phase change’ in the topological
size of the set of common prior spaces occurring when the total
number of atoms passes a certain threshold.

(2) What happens if the common prior assumption is not assumed?
Can one measure how far a type space is from having a common
prior and use that to derive bounds on disagreements? We show in
Chapter 2 that the answer is yes.
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3 Chapter 0. Introduction

(3) There are at least two main characterisations of the common prior
assumption in the literature. These were first proved in finite state
spaces. What happens in infinite spaces?

Chapter Summaries

Each chapter is self-contained, in the sense that each chapter introduces
the definitions used in it, numbers sections and theorems relative to the
sections and theorems in the same chapter (rather than the other chapters)
and contains its own bibliography.

Chapter 1

In Chapter 1, we ask ‘how common are common priors’. To answer that
question, we vary agents beliefs against the background of a fixed knowl-
edge space, that is, a state space with a partition for each agent. Beliefs are
the posterior probabilities of agents, which we call type profiles.

We then ask what is the topological size of the set of consistent type
profiles, those that are derived from a common prior (or a common improper
prior in the case of an infinite state space). The answer depends on what
we term the tightness of the partition profile. A partition profile is tight
if in some state it is common knowledge that any increase of any single
agent’s knowledge results in an increase in common knowledge. We show
that for partition profiles that are tight the set of consistent type profiles is
topologically large, while for partition profiles that are not tight this set is
topologically small.

The results in Chapter 1 (joint work with Dov Samet) have been pub-
lished in the journal Games and Economic Behavior, 74 (2012), pp. 517—-
525.

Chapter 2
In Chapter 2, we ask what happens when priors are not common?

We introduce a measure for how far a knowledge space is from having
a common prior, which we term prior distance. If a knowledge space has §
prior distance, then for any bet f it cannot be common knowledge that each
player expects a positive gain of ¢ times the sup-norm of f, thus extending
no betting results under common priors.

Furthermore, as more information is obtained and partitions are refined,
the prior distance, and thus the extent of common knowledge disagreement,
can only decrease. We derive an upper bound on the number of refinements
needed to arrive at a situation in which the knowledge space has a common
prior, which depends only on the number of initial partition elements.

The results in Chapter 2 will be published, forthcoming in the Interna-
tional Journal of Game Theory.
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Chapter 3

In Chapter 3, we extend to infinite state spaces that are compact metric
spaces a result previously attained by Dov Samet solely in the context of
finite state spaces. A necessary and sufficient condition for the existence of
a common prior for several players is given in terms of the players’ present
beliefs only.

A common prior exists if and only if for each random variable it is com-
mon knowledge that all Cesaro means of iterated expectations with respect
to any permutation converge to the same value; this value is its expectation
with respect to the common prior. It is further shown that compactness is a
necessary condition for some of the results.

The results in Chapter 3 have been published in the journal Games and
Economic Behavior, 72 (2011), 163-171.

Chapter 4

In Chapter 4 we show that the no betting characterisation of the exis-
tence of common priors over finite type spaces extends only partially to
improper priors in the countably infinite state space context: the existence
of a common prior implies the absence of a bounded agreeable bet, and the
absence of a common improper prior implies the existence of a bounded
agreeable bet.

However, a type space that lacks a common prior but has a common
improper prior may or may not have a bounded agreeable bet. The iterated
expectations characterisation of the existence of common priors extends al-
most as is, as a sufficient and necessary condition, from finite spaces to
countable spaces, but fails to serve as a characterisation of common im-
proper priors. As a side-benefit of the proofs here, we also obtain a con-
structive proof of the no betting characterisation in finite spaces.

Chapter 5

In Chapter 5, we resolve a question that has been open for several years:
are there are games with no Bayesian approximate equilibria? We present
an example of a Bayesian game with two players, two actions, a common
prior and an uncountable cardinality of states that possesses no Bayesian
approximate equilibria.

As a side benefit we also have for the first time an an example of a
2-player Bayesian game with no Bayesian equilibria and an example of a
strategic-form game with no approximate Nash equilibria. The construc-
tion makes use of techniques developed in an example by Y. Levy of a
discounted stochastic game with no stationary equilibria.



CHAPTER 1

How Common are Common Priors?

Published in Games and Economic Behavior, 74 (2012), pp. 517-525.
The paper appears here on pages 6 — 14.
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Article history: To answer the question in the title we vary agents’ beliefs against the background of a
Received 30 November 2007 fixed knowledge space, that is, a state space with a partition for each agent. Beliefs are

Available online 31 August 2011 the posterior probabilities of agents, which we call type profiles. We then ask what is the
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1. Introduction

Ever since the introduction of games with incomplete information by Harsanyi (1967-1968), the assumption that players’
posterior beliefs in models of differential information are derived from a common prior has been ubiquitous in the literature.
It plays an essential role in the no agreements theorem of Aumann (1976) and in the no trade theorems that followed. It
is also a basic building block of the solution concept of correlated equilibrium which was interpreted by Aumann (1987)
as the expression of common knowledge of rationality. As pointed out in that paper, the assumption of a common prior,
also known as the Harsanyi doctrine, is pervasively “explicit or implicit in the vast majority of the differential information
literature in economics and game theory”. Despite its pervasiveness, the justification and the use of the common prior
assumption was, and still is, debated and challenged (see Gul, 1998 and Aumann, 1998).

The special interest in the common prior assumption leads naturally to the question how restrictive an assumption it
is, or equivalently, how common common priors are. We study this question in a general model of differential information
that has two parts, a knowledge space and the agents’ posterior beliefs. The first is given by a finite or countably infinite
state space with a partition profile of the state space, one for each agent, which define the agents’ knowledge. An agent’s
posterior beliefs are given by a type function which assigns to each element in the agent’s partition a probability function on
this element. A type profile—one type function for each agent—is consistent if all the type functions are derived from one
probability on the state space—the common prior—by conditioning on the partitions’ elements. In the countably infinite state
space, we consider a type profile to be consistent if it can be derived from a common improper prior via conditioning.

* The research of the first author has received funding from the European Research Council under the European Community’s Seventh Framework
Programme (FP7/2007-2013)/ERC grant agreement No. 249159. The research of the second author was partially financed by the Henry Crown Institute
of Business Research in Israel.

* Corresponding author.
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doi:10.1016/j.geb.2011.08.008
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Against the background of a fixed knowledge space, we vary the type profiles and study the topological size of the set of
consistent type profiles. As we show, this size depends on the partition profile of the knowledge space, through its common
knowledge structure. We say that knowledge is tight at a state when any increase of the agents’ knowledge in this state
results in increasing common knowledge. We say that the partition profile is tight if at some state it is common knowledge
that knowledge is tight. We show that when the partition profile is tight the set of consistent type profiles is topologically
large, and when it is not tight this set is topologically small. The characterization of tightness in the finite case is particularly
simple: the tightness of a type profile, the meet of which consists of one element, can be determined solely by the total
number of elements in the partition profile. In the proofs we use another characterization of tightness, which holds for
both the finite and the infinite case, in terms of chains which are defined in turn in terms of the accessibility relation on
states. The existence of a prior for a given type profile can be characterized by a condition on the relation between chains
and the type profile. Such a condition was used in Harsanyi (1967-1968) for Harsanyi type spaces, and was extended by
Rodrigues-Neto (2009) for general knowledge spaces.

The precise meaning of large and small depends on whether the state space is finite or countably infinite. For finite
knowledge spaces, when the partition profile is tight each type profile is consistent, and when it is not tight, the set of
consistent type profiles is nowhere dense. For countably infinite knowledge spaces, we endow the set of all type profiles
with a topology that makes it a Baire space. When the partition profile is tight the set of consistent type profiles is big, as
its complement is of first category, which in a Baire space is a small set. When it is not tight, the set of consistent type
profiles is small, being of first category.

2. Preliminaries
2.1. Knowledge spaces

A knowledge space for a nonempty finite set of agents I, is a couple (§2, IT), where 2 is a nonempty set called a state
space, and IT = (I1;)ic; is a partition profile, where for each i, IT; is a partition of £2. The knowledge space is called finite
or countably infinite when £2 is finite of countably infinite, correspondingly. An event is a subset of £2. For a partition I7 of
£2 and a state w, IT(w) is the element of IT that contains w. We say that agent i knows an event E at w if ITj(w) C E. We
define for each i a knowledge operator K;:2% — 2% by K;(E) = {w | IT;(®) C E}. Thus, K;(E) is the event that i knows E.

For a pair of partitions /7 and IT’ and state w, we write IT' =, IT when IT'(w) C IT(w). For the partition profiles
I and I, IT" =, I means that for each i, IT] =, IT;. The partition [T’ is a refinement of 7, denoted [T’ = [T, when
IT' =, I for each state w. The partition profile IT’ is a refinement of IT, denoted IT’' = II, if for each i, 17{ e IT;. For
each of these four relations, a corresponding relation with > instead of = is obtained by discarding the reflexive part of
the relation »=. The two irreflexive relations describe an increase of knowledge, while the two reflexive relations describe
a weak increase of knowledge. Thus, for example, if I7' >, IT, and K and K’ are the knowledge operators associated with
IT and IT' respectively, then for each event E, if w € K(E), then w € K’(E), but for some events, for example E = IT'(w),
w € K'(E) but w ¢ K(E).

The meet of IT, denoted AII, is the partition which is the finest among all the partitions [T that satisfy IT »= IT; for
each i. The knowledge operator K. defined by the meet partition is called the common knowledge operator (Aumann,
1976). It can be described in terms of the knowledge operator K; as follows. Denote by K(E) the event that all agents
know E. That is, K(E) = (;¢; Ki(E). Then K. (E) = ﬂ;’ozl K" (E). For M € AIl, the elements of IT; contained in M form a
partition of M. Thus, (M, ITy;), where ITy; is the restriction of IT to M, is a knowledge space.

2.2. Beliefs

The beliefs of an agent in a given state are described by a probability distribution over the state space. These beliefs are
related to the agent’s knowledge as follows. Denote by A(2) the set of all probability functions on 2. A type function for
IT; is a function tj: 2 x 2 — R that satisfies:

(a) for each w, tj(w, ) € A(£2),
(b) for each i and 7 € IT;, if {w, @'} C 7, then t;j(«/, -) = ti(w, -),
(c) for each i, m € I1;, and w € 7, the support of tj(w, -) is m, i.e, ti(w, ) =1.

We say that tj(w, -) is i’s type at w. By condition (b), the type of i is measurable with respect to IT;, i.e., the type of i is the
same in all states in —w which means that i knows her type, or equivalently, knows her beliefs. In light of (b) we sometimes
write for i and 7 € IT;, t;(;r, -) for the type of i in all the states in 7. Condition (c) implies that whenever i knows E at @
she assigns probability 1 to it, i.e., whatever she knows she is certain of.!

A type profile for IT is a vector of type functions, t = (t;);jc;, where for each i, t; is a type function for IT;. Denote by
T (IT) the set of all type profiles for IT. A type profile assigns for each i and w an element t;(w, -) in A($2). Thus, we may

1 Conditions (b) and (c) are part of the definition of the space of knowledge and belief in Aumann (1976). The meaning given to them here are expressed
as two axioms on the relation between knowledge and belief in Hintikka (1962).
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consider 7 (IT) as a subset of A(£2)?*!. In particular, for a finite state space we consider 7 (IT) as a topological space with
the topology induced by the standard topology of the Euclidean space in which 7 (IT) is embedded.

A prior for a type function t; is a probability function p € A(£2) such that for each 7w € I1;, p(m)tj(;r, w) = p(w) for all
€ . A common prior (cp) for the type profile t is a probability function p € A(§2) which is a prior for each agent i.2
A type profile t is consistent when it has a common prior.

The model of knowledge space with beliefs used here is the same as the model in Aumann (1976), except that in the
latter the assumption is made that there exists a common prior. Our model is also the discrete case of the abstract S-based
belief space in Mertens and Zamir (1985), where S is §2. Although knowledge is not introduced explicitly in their work, the
partitions of the space into agents’ types makes it a partition model.

3. Main results
3.1. Tightness

The commonness of consistent type profiles for a given knowledge space depends on a property of the knowledge space
we call tightness. In both the finite and the infinite case, when the partition profile is not tight, the set of consistent type
profiles is topologically small. When the partition profile is tight this set is topologically large.

We say that knowledge is tight at a state if increasing any agents’ knowledge at this state must result in increasing com-
mon knowledge. A partition profile is tight if at some state there is common knowledge that knowledge is tight. Formally,

Definition 1. For a partition profile IT, knowledge is tight at w, when for each IT’ > IT, if IT" =, IT then AIT' = AII. Let T
be the event that knowledge is tight. We say that IT is tight, if K.(T) # @.

In the following example we illustrate the notions of tight knowledge and tight partition profiles.

Example 1. Let 2 = {w1, Wy, w3, w4} and I = {1, 2}. Consider the partition profile IT = (I1, ITy), where Ty = {{w1, w2},
{w3, w4}} and IT, = {{w1, w2, w3}, {wa}}. Obviously, AIT = {§2}. Suppose that II' > II, and I’ >, II. The only way that
knowledge can increase at wy is by splitting the partition element {w3, w4}. Thus, IT{(w4) = {w4}. Therefore {w4} € AT’
which means that AIT" = AIT. We conclude that knowledge at wy is tight. Consider now the partition profile IT" where
IT] =11 and IT) = {{w1}, {w2, w3}, {w4}}. Then O’ > M, and I’ >, II. Yet, AI' = AIl, which shows that knowledge at w3
is not tight. Therefore T # £2, and hence K.(T) = . We conclude that IT is not tight. It is easy to check that for the last
partition profile IT" knowledge is tight at each state and therefore IT' is tight.

The tightness of a partition profile can be expressed without explicit reference to common knowledge, as follows. We
say that IT is connected when AIT = {£2}. For each M € AII, Iy, the restriction of IT to M, is connected.

Proposition 1.

(a) A connected partition profile IT is tight if and only if for any IT' > I, IT’ is not connected.
(b) A partition profile I is tight if and only if there exists M € AIT such that IT y; is tight.

A third characterization of tightness, in terms of chains, is given in Proposition 5 below. In the finite case, there exists
yet another simple characterization of the tightness of a connected type profile, in terms of the total number of partition
elements.

Proposition 2. Let §2 be a finite state space and IT a connected partition profile. Then )", |IT;| < (|| — 1)|$2| + 1 and equality holds
if and only if IT is tight.

Observe, that the dimension of the set of types 7 (IT) is Y ;. (|182| — |IT;]) = |I||12| — )_;; [/T;] and the dimension of the
set of priors A(£2) is |§2] — 1. Thus, Proposition 2 characterizes the connected tight partition profiles IT as the ones with
minimal dimension of 7 (IT) which equals the dimension of A(£2).3

2 Contrasting a prior for t; with the types t;(®, -), the latter are referred to as the posterior probabilities of i.

3 This observation suggests a proof for the smallness of the set of consistent type profiles, for partition profiles which are not tight, based on dimensional
considerations. We have elected instead to implement an elementary combinatorial proof, which can be applied equally well for the infinite case. Nyarko
(2010) states that in a finite Harsanyi type space the set of consistent posteriors has measure zero. The proof requires differential geometry arguments
based on dimensionality considerations.
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3.2. The size of the set of consistent type profiles
Theorem 1. Let (§2, IT) be a finite knowledge space.

1. If I is tight then each type profile is consistent.
2. If IT is not tight then the set of consistent type profiles is nowhere dense.*

In order to prove results similar to those of Theorem 1 for countable state spaces, we need to generalize the notion of a
common prior. A common improper prior (cip) for a type profile t is a non-negative and non-zero function p : 2 — R such
that for each i and 7 € IT;, p(;t) < oo and p ()t (7, w) = p (w) for all w € 7. Note that although for any 7 € IT;, p(7r) < o0,
the possibility that p(£2) = co is not ruled out, so that p may not be normalizable. Obviously, a cp is in particular a cip.
Note also that if p is a cip, then for any constant ¥ > 0, yp is also a cip. In particular, if p is a cip and p(£2) < oo then
p(£2)"1p is a common prior. Thus, for a finite space, a profile type has a common prior if and only if it has a common
improper prior. In light of this the following definition of consistency for countable spaces generalizes the one given for
finite spaces. A type profile t is consistent when it has a common improper prior and inconsistent otherwise.

To measure the topological size of sets in the countable case we use the notion of a set of first category (called also a
meager set), namely, a set which is a countable union of nowhere dense sets. A topological space is a Baire space if every
set of first category has an empty interior. Therefore, in a Baire space, sets of first category are considered small. We now
proceed to define a topology on 7 (IT) for which it is a Baire space.

Consider the complete normed vector space [1(£2) of absolutely summable functions x : 2 — R, with the norm ||x|| =
Y wen 1X(@)]. The set A(£2) is closed in 1'(£2).> Therefore, A(§2) with the metric induced on it from [1(£2) is a complete
metric space. Hence, the product space A(£2)%*! is a completely metrizable topological space (see Munkres, 1975). Finally,
the equalities in the definition of a type guarantee that 7 (IT) is closed in A(£2)**! and therefore 7 (IT) is a completely
metrizable topological space. This implies that 7 (IT) is a Baire space. Obviously, in the finite case the topology just described
is the standard topology on finite dimensional Euclidean spaces.

Theorem 2. Let ($2, IT) be a countable knowledge space.

1. If I is tight then the set of inconsistent type profiles is of first category.
2. If II is not tight then the set of consistent type profiles is of first category.

In contrast with the finite case, here the set of inconsistent type profiles of a tight partition profile need not be empty.
Example 2 in the next section shows that we cannot even strengthen this part by changing “of first category” to “nowhere
dense”. Example 3 shows that similar strengthening is also impossible in the second part of the theorem.

3.3. Harsanyi type spaces

Of special interest are Harsanyi type spaces. In such a space §2 = X, Ti, where for each i, T; is a set of types of player i.
With each player i we associate the natural partition of £2, IT;, into i’s types. It is easy to see, using Proposition 1, that
the partition profile of a non-trivial Harsanyi type space (one that has more than one state and more than one agent) is
connected and not tight. Therefore, if we vary the posterior beliefs of the types on such a finite or countably infinite space,
while keeping the sets of types fixed, the set of consistent posterior beliefs is small. The lack of tightness of non-trivial finite
Harsanyi type spaces can be also checked using Proposition 2. Obviously, for such a space |IT;| = |Ti|, and |2| = X, [[Til.
It is easy to prove that ), ; [/T;| < (|I| — DX i +1= (1 = D|2]+ 1.

4. Proofs and examples
4.1. Proof of Proposition 1

(a) Let IT be a connected partition profile. Then §2 is the only event E such that K.(E) # @. Thus, if IT is tight then
T =.1f I’ > I, then for some w, IT' >, I1, and by tightness, AIl' = AIl. Conversely, if IT' > IT implies AIT" > AII, then
obviously, each w is in T, and hence T = £2, and K.(T) = 2.

(b) The partition profile IT is tight iff there exists M € AIl such that M C T. It is easy to see that M C T iff for the
knowledge space (M, ITy;), knowledge is tight at each w € M, which is a necessary and sufficient condition for ITy to be
tight. O

4 A set is nowhere dense if its closure has an empty interior. Such a set is considered topological small.
5 To see this, consider the linear functional on I'(£2) defined by f(x) = D wen X(@). Since | f(x)| < |Ix||, f is continuous. Now, A(£2) is the intersection
of two closed sets: f~1(1) and the non-negative orthant of I' (£2).
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4.2. Chains

We define a chain of length n > 0, for the partition profile IT, from one state to another by induction on n. A state wy is
a chain of length 0 from wg to wg. A chain of length n+ 1, from wp to w, is a sequence ¢ 4 w, where c is a chain of length

. .. . i i in—
n from wg to ', and w € IT;(w'). Thus, a chain of positive length n is a sequence ¢ = wy X w1 LG wy, such that for
s=0,....,n—1, wsy1 € IT;, (ws).

Obviously, for each i, chains of length 1, w 5 @/, define an equivalence binary relation and I7; is the partition of £2
into its equivalence classes. We write w — @’ when there is a chain from w to «'. The binary relation — is the transitive

closure of the union of the relations —'>, and it is an equivalence relation. We say that w and «’ are connected for I1, if
there is a chain for IT from w to w'.

Claim 1. The meet of I1 is the partition of §2 into the equivalence classes of —.

To see this, denote by 1o, the partition of §2 into equivalence classes of —. Since each of the partitions [7; is finer than
AT, it follows by induction on the length of chains that if w — @’ then o’ € Al (w). Thus, for each w, Mcon(w) C AT (w),
i.e., Meon is finer than AI. Also, if @’ € Ieon(w) then for all i and w” € IT; ('), ®" € Meon(w), i.e., ITj(w") € Heon(w). Thus,
each of the partitions in [T is finer than IT.,. As AIT is the finest partition with this property it follows that ITcon = AIT.

Thus, we conclude:

Claim 2. A partition profile IT is connected if and only if every two states are connected.

We say that a type profile t is positive if for each i, 7 € IT;, and w € 7, t;(7, w) > 0. Let t be a positive type profile
and (w1, wy) an ordered pair of states in 7 € IT;. The type ratio of (w1, wy) given i is try(w1, wz) =t; (7w, w2)/ti(7w, w1). The

. i i In— . — i .
type ratio of a chain c = wo LY w1 4. wy of length n > 0 is tre(c) = XZ:(]J trlt" (wk, wk+1). For a chain c of length 0,

tre(c) = 1. Thus, if c=¢’ Y @ where ¢’ is a chain from wo to @', tre(c) = tre(c’) tr{(a)’, ). When we discuss only one type
profile we omit the subscript t in try.

Proposition 3. If a positive type profile over a connected partition profile has a common improper prior p, then all its common improper
priors are of the form y p for some constant y > 0. A type profile over a connected partition profile can therefore have at most one
common prior.

Proof. If p is a cip for a positive t, then tri(a)ha)z) = p(w2)/p(w1). Substituting the right-hand side for the left-hand side
in the definition of the type ratio of chains, we conclude that for any chain ¢ from wg to w, tr¢(c) = p(w)/p(wp). Thus, for
any cip’s for t, p and p’, and for any two states wo and w, p(w)/p(wg) = p'(w)/p’(wp). O

Proposition 3 was proved in Harsanyi (1967-1968) for Harsanyi type spaces. Samet (1998) noted that for finite spaces
the uniqueness of a common prior can be interpreted as the uniqueness of an invariant probability function for an ergodic
Markov chain. The simple proof here, for countable spaces, is an extension of the proof in Harsanyi (1967-1968) to general
knowledge spaces.

The following proposition is close in its content to the main result in Rodrigues-Neto (2009).

Proposition 4. Let t be a positive type profile over a connected partition profile. Then there exists a common improper prior for t iff for
each wg and w, and chains ¢ and ¢’ from wq to w, try(c) = tre(c)).

Proof. As we have shown before, if there exists a common improper prior p for t, then all chains ¢ connecting wo and w
satisfy tr(c) = p(w)/p(wo). Conversely, suppose that for each wp and w, all the chains from wp to @ have the same type
ratio. Fix wp and for each w let p(w) = tr(c) for some c¢ from wg to w. To see that p is a cip consider 7w € IT; and w € 7. Let

¢ be a chain from wp to w. For @’ € 7, consider the chain ¢’ =c L @'. Then, by the definitions of tr and p, p(o') =tr(c’) =
tr(c) tr'(w, @) = p(@)ti (T, @) /ti (7w, @). Thus, p(T) = e P(@') = [P(@)/6i(T, 0)] Y e Li (T, @) = p(@) /8i (7T, @) < 00,
and p(w) = p(m)ti(7, ). O

4.3. Proof of the second parts of Theorems 1 and 2
We first prove our claims for a connected partition profile IT. Let P be the set of positive types in 7 (IT) and C the set

of consistent type profiles in 7 (IT).
We show in the following two results that C N P is nowhere dense, that is, that the complement of its closure is dense.
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Lemma 1. If IT is connected, then cI(C N P) € (CN P) U P€.

Proof. We need to show that if a sequence of type profiles t" in C N P converges to t € P, then t € C. Let ¢ and ¢’ be chains
from wp to w. By Proposition 4, tre (c) = tren(¢’) for each n. Since each chain involves only finitely many states, it follows
by continuity that tr¢(c) = tre(c’). Again, by Proposition 4, this implies that t e C. O

Thus, [cI(CNP)I* D[(CNP)UPI =C°NP, and it is enough to show that C° N P is dense.
Lemma 2. If IT is connected and not tight then C N P is dense in T (IT).

Proof. We show that C N P C cl(C° N P). Thus, P C cl(C° N P), and as P is dense, the claim of the proposition follows.

Since IT is connected but not tight, there exists, by Proposition 1 a connected partition profile IT" which properly re-
fines IT. We may assume that IT’ is obtained from IT by splitting one partition element 7 € IT;, for some i, into 7! and 2.

For t € P, define a type profile t for H which agrees with t except on 7. Formally, for each j #1, f] = t;. For each
T # 7 in I1;, fl(ﬁ ) =ti(7,"). For w e !, ti(m, w) = 1+ &)ti(w, w)/c, and for wen? ti(m, w) =1 —e)ti(r, w)/c, where
c=1+¢ltir,n") —tj(wr,72)] and € # 0 between —1 and 1. By choosing & close enough to 0, £ can be made arbitrarily
close to t.

For any type profile t in P, let t' be the type profile for IT" which is naturally induced by t as follows. For each j #1i,
t;=t;. For each 7 # 7 in ITj, t{(%,-) = t;(7, ). Finally, for k=1, 2, ti(mk, ) =ti(r, )/t 7).

Now, let t e P N C have a cip p. We show that t € C° N P. Obviously, p is also a cip for t'. Suppose that t has a cip, and
denote it by p. Then p is also a cip for t'. But ¥ =t, and as IT’ is connected, it follows, by Proposition 3, that p and p
differ by a multiplicative constant. Thus, p is a cip for t as well. Hence p must satisfy t;(m, 7') = p(x V) /p () =i (r, wh).
But this does not hold as f;(m, 7)) = (1 +e)tj(wr,m)/cand 1+¢&)/c£1. O

Assume throughout the rest of this section that IT is not tight.

One has that C=(CNP)U(CN P C (CNP)UPE, and we have shown that (C N P) is nowhere dense. In the finite case,
P is an open dense set and thus P is nowhere dense, so that (C N P) U P¢ is nowhere dense as a finite union of nowhere
dense set, and C is nowhere dense as a subset of a nowhere dense set.

For the infinite case, it suffices to show that P¢ is of first category. This is indeed the case, because the set Tc"() of type
profiles t for which t;(IT;(w), w) = 0 is closed and has an empty interior, as its complement contains P which is dense.
Thus, T, is nowhere dense. Finally, P° = |J; U, T,

C0n51der next a partition profile IT that is not cormected and not tight. For M € AIT, denote by Ty (ITy;) the set of type
profiles over the knowledge space (M, ITy;), and let Cy be the set of consistent type profiles in 7y (ITp;). We can obviously
identify 7°(IT) with X, .7 TM (I ).

A type profile t for IT has a cip if and only if there exists M € AIT for which ty, the restriction of t to M x M, is in Cy,
the set of consistent type profiles in 7y (ITy). Indeed, if ty has a cip pym, then the function p on £2 that agrees with py
on M and vanishes outside M is a cip for t. Conversely, if p is a cip for t, then for some M, p is not identically O on
M and thus the restriction of p to M is a cip for ty;. We conclude that C, the set of consistent type profiles in 7 (IT), is
Unmean [Cm X Xy T T ).

Since IT is not tight, it follows by Proposition 1 that for each M € AII, IT); is not tight.

In the finite case, this implies that Cp is nowhere dense in 7y (ITy) and therefore each of the sets in the union is
nowhere dense in 7 (IT). Hence, C is nowhere dense as a finite union of nowhere dense sets.

In the infinite case, C) is of first category and therefore each of the sets in the union is of first category in 7 (IT). Hence,
C is of first category as a countable union of sets of first category. We have thus completed the proofs of the second parts
of both Theorems 1 and 2. O

4.4. Proof of the first parts of Theorems 1 and 2

We say that a chain c is alternating if no two consecutive states, ws and ws1, in ¢, are the same, and no two consecutive
agents, is and isy1, in c, are the same. In particular, any chain of length 0 is alternating and any chain of length 1 from wyp
to w # wy is alternating.

Given a connected partition profile IT, define a distance function d on £2 x £ such that for each w and «’, d(w, @) is
the minimal length of a chain from w to «'. It is easy to see that d is a metric. A chain from wg to w of the minimal length
d(w, wp) is called a minimal chain. It is easy to see that if wg...wy, is minimal then wy...w;s is a minimal chain for each
s=0,...,n, and therefore d(ws, wg) =s. Moreover, the chain must be alternating, because if either ws = ws 1 or is =isyq

we get a shorter chain from wg to w, by omitting 5 Ws+1-
Clearly, if for some i, ' € IT;(w), then d(w, ') < 1. Thus, by the triangle inequality, if for some i, @’ € IT;(w), then for
any wy, |d(w, wg) —d(w’, wp)| < 1. Thus, on each partition element 7, d(-, wp) can have at most two values. In particular,

. i i in1
for any chain c = wp — w1 — -+ = Wy, |d(Ws41, o) — d(ws, wo)| <1 for s=0,...,n—1.
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Proposition 5. A connected partition profile IT is tight if and only if for any states w and ' there exists a unique alternating chain for
IT from w to '.

Proof. Assume that IT is not tight. Then, there exists a connected partition profile IT’ such that IT’ > IT. Let w, @’ and i be
such that o’ € IT;(w) but @’ ¢ IT/(w). Since IT’" is connected, there exists a minimal chain c for IT" from w to ', which, as
we have shown, is alternating. Since IT’ is a refinement of IT, c is also a chain for IT and it is alternating. But as w # o/,

¢ =w—> o is also an alternating chain for IT which is different from c, since @’ ¢ IT (w).
Assume now that IT is tight. To show that the condition in the proposition holds we use the following two lemmas.

Lemma 3. If IT is tight then for each wg and w there exists a unique minimal chain from wq to w.

We show that if there are two distinct minimal chains from one state to another then IT is not tight. Let ¢ = wyp 'y
' in_ i i i . - . . .
w1 L wp and ¢’ = wy 2 “’i 4.5 wy, be distinct minimal chains, and assume that n is the minimal number for
which such a pair exists. Obviously, n > 0. It is impossible that both ig =i} and @ = w}, because either n =1 in which
) . ‘ in— i . . )

case c =c’, or else n > 1 in which case w; LU wy and a)a 4. wy are distinct minimal chains of length n — 1
contrary to the minimality of n. Thus, either ig # ij, or w1 # w].

Consider the refinement IT’ of IT obtained by splitting I7;(wg) into {w1} and ITj(wg) \ {w1}. The latter set is not empty
since being minimal, ¢ is alternating and thus, wg # w;. We will prove that IT is not tight by showing that IT’ is connected.
To do so, it suffices to prove that every @ € ITj(wg) \ {w1} is connected to wy for II'. As @ is connected to wy for IT’, it

suffices to show that wq is connected to w; for IT'.

/

i

Assume first that w1 = ). Thus, ig # i, and therefore wy % w1, is a chain for IT’. Now assume that w; # w}, which

implies that n > 1. Note that all states in ITj(wg) are of distance not greater than 1 from wg and thus each of the states
. . - . i im_
wy,...,Wwn_1,®y and wé e, a),’.,_l,a)n are not in this set, as their distance from wq is greater than 1. Thus, w; o Wm
i} I . i . . e .

and a)a L wp are chains for IT’' too. Also, because wq # a)a wo 2 a)a is a chain for I’ (even if ig = 1’0). Thus, we
have shown that the following relations hold for IT": wy — a)a a)ﬁ — wp, and w, — w1, which amounts to saying that wg
and w; are connected in IT'.

Lemma 4. If IT is tight then every alternating chain for IT is minimal.

The proof is by induction on n, the length of the chain. The claim is obvious for alternating chains of lengths n =0
and n = 1. Suppose the claim holds for alternating chains of length n =k > 1, and assume that c is an alternating chain

c=uwo Xl w1 LU wy X w of length k 4 1. By the induction hypothesis the alternating chain wyg ...y is minimal and
thus for all s <k, d(ws, wp) =s. In particular d(wy, wp) =k and thus d(w, wg) is either k + 1, or k, or k — 1. We only need

/

to prove that the last two values are impossible. Suppose that d(w, wp) <k + 1. Let ¢’ = wy 3 @] ...w be a minimal chain
from wqg to w. Then it is of length k — 1 or k.

Consider the refinement IT" obtained by splitting I7;, (wy) into {wy} and IT;, (wy) \ {w}. The latter set is not empty, since
by the alternation of ¢, wy # w. We show that for each ® € IT;, (wy) \ {wi} there is a chain for T’ from wy to @. Note, first,

ig— . .
that the chain wy...wy is a chain for IT’. To see this, observe that by alternation ix_q # ir. Thus, wyg_1 Ly wy is a chain
for IT'. Also the states wy, ..., W, are of distance less than k — 1 from wo while all states in IT;, (wy) are of distance k — 1
at least. Thus, wg...wk_y is also a chain for IT’. We conclude that there is a chain for IT’ from wj to wg. We end the

proof by showing that there is a chain in IT’ from & to wq. First, @ X @ is a chain for IT’ by the construction of the latter.
Moreover, none of the states in ¢’ is wy, which implies that ¢’ is also a chain for IT’. Indeed, w # wy, by the alternation of c,
and the distance from wyq to all of the states in ¢’ that precede w is less than k, while wy is of distance k from wy. O

The characterization of tightness in terms of alternating chains is used to prove the following.
Lemma 5. If IT is connected and tight then every positive type profile has a common improper prior.

Proof. We show that the condition in Proposition 4 holds. By Proposition 5 for any states wg and w there exists a unique
alternating chain c(wop, @) from wg to w. We show that for any wy and w and any chain ¢ from wg to w, tr(c) = tr(c(wg, w)).
The proof is by induction on the length of c. The claim trivially holds for chains of length 0. Assume that it holds for all

chains of length n —1 for n > 0 and let c = ¢’ 4 w be a chain from wo to w of length n, where ¢’ is a chain from wq to w'.

By the induction hypothesis, tr(c’) = tr(c(wp, @')). Consider the chain ¢ = c(wo, @) 4 . Then, tr(c) = tr(c)) tr (o', w) =
tr(c(wg, w")) tr' (w’, w) = tr(¢), and therefore it suffices to show that tr(¢) = tr(c(wg, w)). If ¢ is alternating then ¢ = c(wg, w),
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and we are done. If ¢ is not alternating, then, since c(wg, @) is alternating, one of the following two cases holds. Case 1:

o' = w. In this case tr(¢) = tr(c(wo,a)))tr (@, w) = tr(c(wp, w)). Case 2: w # o', and for c(wg, ) = wy...wn_2 g o,
in_y =1i. Here, tr(¢) = tr(wy . . . wpn_2) tr' (wn_2, @) tr' (o, w) = tr(wy . . . wWa—2) tri (wp—2, ). But the latter is the type ratio of

the chain wyg...wp_2 N w, which, being alternating is c(wp, ). O

The proof of part 1 in Theorems 1 and 2 follows readily in case IT is connected. As before, P is the set of positive type
profiles and C the set of type profiles that have a cip. By Lemma 5, C¢ C P€.

In the infinite case, we have shown that P€ is of first category, and thus, C¢ is of first category. In the finite case, C is
closed. Indeed, let t" be a sequence of type profiles in C that converges to t. For each n, t" has a common prior p" that
satisfies for each i and 7 € IT;, p"(n)t?(n, ) = p"(-). By the compactness of A(£2), a subsequence of p" converges to a
probability function p. By continuity, p(m)t;j(,-) = p(-) for each i and m € IT;. Thus, p is a common prior for t and t € C.
By Lemma 5, P C C and thus, 7(IT) =cl(P) Ccl(C)=C

Suppose that IT is not connected, then C° = X,,_. 7 Cyy- As IT is tight, there is an M € AIT such that I is tight. In the
finite case, CIC\71 = ¢ and therefore C® = ¢. In the infinite case, Clc\h C ch\h’ and as Pfo; is of first category, so is C°. O

4.5. Proof of Proposition 2

Let IT be a connected tight partition profile. The proof is by induction on the size on £2. If £2 is a singleton the equality
in the proposition is obvious. Suppose the equality is proved for all state spaces smaller than n > 1 and let |§2| = n. Since
n>2 and II is connected, there must be i and wg such that IT;(wg) is not a singleton. Consider the refinement of IT, m,
obtained by splitting IT;(wp) into {we} and ITj(wg) \ {wo}. By the tightness of IT, II is not connected.

Let £2¢ consist of all states w such that there 1s a chain for I from wo to w. Fix w; in the set IT;j(wo) \ {wo} and let £2¢
be the set of all @ such that there is a chain for IT from w1 to w. Each of 29 and 2 is an element of the meet of . They
are disjoint because if they shared a state then wy would be connected to w; which would make IT connected. Each state
w is in either £2¢ or £2;. Indeed, let ¢ be a minimal chain for IT from wg to an arbitrary w. If ¢ does not contain a state
@ € ITij(wp) \ {wp}, then c is a chain for I and w € 2. If ¢ does contain such a &, then no state that follows & in ¢ is wp
(because the distance of each state in ¢ to wg, other than wy itself, is positive). Thus, there is a chain for I from & to w,
and trivially there is a chain for I from & to w1, so that w € £21. Thus, the meet of s exactly the set {£2¢, £21}, and each
of 1% and !, respectively the restriction of IT to 2y and £21, is connected.

By the induction hypothesis, for k=0,1, > ;, |ﬁ§‘| = (|I| — 1)|82¢| + 1. By adding the two equations and noting that
i IO+ Y5 | = Y5, 1TTi] + 1 we get the desired equality.

If I is not tight, then it must have a refinement which is tight, and therefore it satisfies the inequality of the proposi-
tion. O

4.6. Examples

Example 2. We construct an infinite knowledge space with a tight partition profile, such that the set of inconsistent type
profiles is dense. Therefore it is not nowhere dense, since the complement of a nowhere dense set contains a nonempty
open set. To show that the set of inconsistent type profiles is dense, it is enough to show that it is dense in the set of
positive type profiles, since the latter is dense.

Consider a knowledge space for two agents, where §2 is the set of integers Z, and the partitions are [Ty = {7} |n € Z},
where 7] = {2n,2n 4 1}, and IT; = {7} | n € Z}, where 7} = {2n — 1, 2n}. The partition profile IT = (ITy, IT>) is tlght since
it is connected and any proper refinement of IT is not. Let t = (t1,t;) be a positive type profile over IT. We construct a
sequence of inconsistent type profiles t¢ such that t converges to t as k — —oo. For n <Kk, t’]‘(n{l, 2n) =1 and t’z‘(ng, 2n) =
For n >k, tY(z?, ) =t1(n?, ) and 8 (7}, -) = t(}, -). Obviously, t° converges to t as k — —oc.

To show that t¢ is inconsistent we prove that if p is a cip for t*, then it must be identically 0, which is impossible for a
cip. By the definition of cip whenever for some i, m € I1; and w € m, t;(;r, w) = 0, then p(w) = 0. Now, t’l‘(n{‘, 2k+1)=0
and therefore p(2k + 1) = 0. Also, for each m < 2k, either t’f(]‘[l (m),m)=0 or t’ﬁ(ﬂz(m),m) = 0. Thus, p(m) =0 for all
m < 2k + 1. We prove now by induction on m that p(m) = 0 for all m > 2k + 1. This holds as we have shown for m =2k + 1.
Suppose that for m =2n 4+ 1, p(m) = 0. Since t"(nZ”H 2n+1) = tz(n22”+l,2n + 1) > 0 it follows by the definition of cip
that p(n2”+1) = 0. This implies that p(2n 4+ 2) = 0. The induction step when m = 2n is similar.

Example 3. We construct an infinite knowledge space for two agents with a partition profile which is not tight, such that
the set of consistent type profiles is dense, which shows that it is not nowhere dense. To show this we prove that the set
of consistent type profiles is dense in the set of positive type profiles.

Let §2 be the set N x N. Player 1’s partition con51sts of the rows and 2’s the columns. That is, [Ty = {7'[{ | i € N}, where

n] ={(,j)|jeN}, and 172—{712 | j € N}, where n2 {G,j)|ieN}L
Let t be a positive type profile for this partition profile. We define a sequence of consistent type profiles t" that converge
to t as n — oo. Fix a consistent type profile t with cip p. For each i <n and j <n, let
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(G, ) =t (T d, j))/Zﬁ (i, (i, k)
k=1
and

(), (4, ) = (7, @, ) / 3 talwd, . ).

k=1

Fori>n+1and j>n+1, (i, j)) =t (wl™, (i —n, j —n)), and tg(nzj, i, j) = fz(nzj_”, (i—n,j—n)). Fori<n and
jzn+tlorizn=1and j<n, t{(7}, G, ) =t503, (i, j)) =0.

It is easy to check that for each i, ||t} (n]i, D) —tq (n{, 3|l — 0 when n — oo, and a similar convergence holds for agent 2.
Thus, t" — t. To see that t" is consistent, we define p" by p"(i, j)=p(@i—n, j—n) fori >n+1and j>n+1 and p"(i, j)=0
otherwise. It is easy to see that p" is a cip for t".
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Abstract What happens when priors are not common? We introduce a measure for
how far a type space is from having a common prior, which we term prior distance. If
a type space has § prior distance, then for any bet f it cannot be common knowledge
that each player expects a positive gain of § times the sup-norm of f, thus extending
no betting results under common priors. Furthermore, as more information is obtained
and partitions are refined, the prior distance, and thus the extent of common knowledge
disagreement, can only decrease. We derive an upper bound on the number of refine-
ments needed to arrive at a situation in which the knowledge space has a common
prior, which depends only on the number of initial partition elements.
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1 Introduction

What happens when priors are not common? Can one measure ‘how far’ a belief space
is from having a common prior, and use that to approximate standard results that apply
under the common prior assumption?

Surprisingly, there has been relatively little published to date in the systematic study
of situations of non-common priors. One of the justifications for the common prior
assumption that is often raised is the claim that, once we begin to relax the common
priors assumption, ‘anything is possible’, in the sense that heterogeneous priors allow

Z. Hellman (B<)

Department of Mathematics and the Centre for the Study of Rationality,
Hebrew University, Jerusalem, Israel

e-mail: ziv.hellman @mail.huji.ac.il

Published online: 24 August 2012 @ Springer



Z. Hellman

‘sufficient freedom as to be capable of generating virtually any outcome’. (The quote is
from Samuelson (2004). A similar argument appears in Morris (1995b)). Perhaps this
is one reason that the assumption that players’ posterior beliefs in models of differen-
tial information are derived from a common prior has been ubiquitous in the literature
since Harsdnyi (1967—-1968) introduced the concept in his groundbreaking work on
games with incomplete information. Indeed, as pointed out in Aumann (1987), the
assumption of a common prior (also known as the Harsdnyi doctrine) ‘is pervasively
explicit or implicit in the vast majority of the differential information literature in
economics and game theory’. Although more than a score of years have passed since
those lines were published, they retain their full force.

We show in this paper that it is not true that by moving away from common priors
one can generate ‘virtually any outcome’. To the contrary, the common prior assump-
tion is actually quite robust in terms of no betting and agreeing to disagree results,
which constitute the main characterisation of common priors in the literature. The cen-
tral result here, Theorem 1, shows that in models in which priors are ‘almost common’
there is ‘almost no betting’.

Moreover, we can continuously measure how far a type space is from having a
common prior and use that to bound common knowledge betting and disagreements.
More precisely, we show that every type space can be associated with a value which
we term the prior distance that is the intuitive measure of ‘how far’ the type space is
from a common prior. Letting E; f (w) denote player i’s posterior expected value of
a random variable f at state w, if there is a common prior then the well-known No
Betting theorem for two players states that

-3f eR®, VYweQ, Eif(w)>0AEx—f)(w) > 0.

Setting § = {f € RS | | fllao < 1}, the results in this paper state that if the type

profile has § prior distance, then
—3f eSS, YoeQ, Eif(w)>38AE(—f)w)>3.

If § = 0 there is a common prior and the common prior result is recapitulated.

In the n-player case, if the prior distance is § then there is no n-tuple of random
variables f = (fi, ..., fu) such that >, fi = 0 and it is common knowledge that in
every state E; fi (w) > || f |l so-

By scaling f, || f |l can be made as large as desired, and hence the upper bound
on common knowledge disagreements can also be raised without limit unless § = 0.
Never the less, when taking into account budget constraints and possible risk aversion
on the part of the players, the upper bound can have bite, even when § # 0. For
example, if § is sufficiently small (say, less than 10~), then in order to have common
knowledge that each player expects a positive gain of more than a few pennies, a bet
may need to be scaled so much that in some states of the world billions of dollars are
at stake.

Finally, we show that after sufficiently many proper refinements of the partition
space, the resulting type space is one in which the players must have a common prior,
and in fact we derive an upper bound on the number of such refinement steps needed
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based solely on the structure of the partition profile. This may justify, in some models,
supposing that the analysis of the model begins after the players have received suffi-
cient signals to have refined their partitions to the point where they might as well have
started with a common prior. This supposition may be more philosophically accept-
able than the stark assertion of the common prior assumption, an assumption that has
been much debated in the literature.

2 Preliminaries
2.1 Knowledge and belief

Denote by ||-||; the L' norm of a vector, i.e., ||x Il := Z;":l |x;|. Similarly, denote by
|-l oo the L*° norm of a vector, i.e., ||x || :=max(|xq], ... |x;,|). More generally, for
any real number 1 < p < oo, |-l , ==L, |x;|”)!/?. Two norms ||-|| , and |||, are
dual norms if p and g are dual conjugates, i.e.,if 1/p +1/g = 1 when1 < p < 00
and I < g < oo. ||x]|; and || x| are also a pair of dual norms.

For a set 2, denote by A(R) C R the simplex of probability distributions over 2.
An event is a subset of Q. A random variable f over  is an element of R®. Given a
probability distribution . € A(€2) and a random variable f, the expected value of f
with respect to u is defined by

Euf =) flounw) (1)

we2

The probability of an event H is the expected value of the random variable 17, which
is the standard characteristic function defined as:

! (‘”)_[0 ifo¢ H

A knowledge space for a nonempty, finite set of players I is a pair (€2, IT). In this
context, €2 is a nonempty set called a state space (and each w € Q2 is called a state),
and IT = (I1;);¢; is a partition profile, where for each i € I, I1; is a partition of 2.
We will assume throughout this paper that the state space €2 satisfies |2| = m, where
m is a positive integer, and that |/| = n, where n > 1.

[1; is interpreted as the information available to player i; I1; (w) is the set of all
states that are indistinguishable to i when w occurs. Give a partition I1; of €2 of player
i, the number of partition elements in IT is denoted |I1; | (we will call it the size of IT).
For a partition profile I1 = (ITy, ..., IT};}), the total number of partition elements, i.e.
ST, is denoted |TT| (the size of TT).

A type function for I1; is a function ¢; : Q — A(£2) that associates with each state
w a distribution in A(€2), in which case the latter is termed the type of i at w. Each
type function #; further satisfies the following two conditions:

(a) ti(w)(I1;(w)) =1, foreach w € Q;
(b) t; is constant over each element of IT;.
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Given a type function #; and f € R, E; f denotes the random variable defined by
(Ei f)(w) = ti(w) - f (considering both #; (w) and f as vectors in R and taking the
standard dot product). We will sometimes relate to E; f as a vector in R, enabling
us to use standard vector notation. For example, E; f > 0 will be short-hand for
E; f(w) > 0 forall w € Q.

A type profile, given I1, is a set of type functions (#;);cs, where for each i, #; is a
type function for I1;, which intuitively represents the player’s beliefs. A type space t
is then given by a knowledge space and a type profile, i.e., T = {2, I1, (#;);es}, where
the #; are defined relative to I1. A type space t is called positive if t; (w)(w) > O for
all o € Q and eachi € I.

2.2 The meet

A partition IT' is a refinement of T1 if every element of I1’ is a subset of an element of
I1. IT' is a proper refinement of I if for at least one w € 2, IT'(w) is a proper subset
of IT(w). Refinement intuitively describes an increase of knowledge.

A partition profile I is a (proper) refinement of I1 if for at least one player i, IT} is
a (proper) refinement of IT;. That IT" is a proper refinement of IT is denoted IT < IT'.

If 7 is a type profile over 2 and I, then a refinement I1’ of IT induces a refinement
7’ of T defined by assigning to each 1/(w) (") the probability of #; (w) (") conditional
on the event 77/ (w). Then 7’ thus defined is a proper refinement of  if I is a proper
refinement of I1. Denote T < t’ if / is a proper refinement of 7. The size || of a type
profile 7 is defined to be the size |I1| of the partition profile I'T over which t is defined.

If IT' is a refinement of IT, we also say that IT’ is finer than I, and that IT is coarser
than IT'. The meet of IT is the finest common coarsening of the players’ partitions.
Each element of the meet of I1 is called a common knowledge component of 1. Denote
by C(IT) the number of common knowledge components in the meet of I1. A type
profile IT is called connected when its meet is the singleton set {<2}.

2.3 Common priors

A prior for a type function #; is a probability distribution p € A(£2), such that for
eachr € I1;, if p(w) > 0, and w € 7, then #; (w)(-) = p(- | w). Denote the set of all
priors of player i by P;(t), or simply by P; when 7 is understood.! In general, P; is a
set of probability distributions, not a single element; as shown in Samet (1998), P; is
the convex hull of all of i’s types.

A common prior for the type profile T is a probability distribution p € A(£2) which
is a prior for each player i.?

1 Strictly speaking, the set of priors of a player i depends solely on i’s type function #;, not on the full type
profile 7. However, since we are studying connections between sets of priors of different players, we will
find it more convenient to write P;(7), as if P; is a function of 7.

2 Contrasting a prior for #; with the types ¢; (w, -), the latter are referred to as the posterior probabilities
of i.
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3 Motivating the definition of almost common priors

We will assume in this section and the next that all type profiles are connected. In a
connected type profile, stating that E; f (w) > 0 for all @ for a random variable f
is equivalent to saying that the positivity of E; f is common knowledge among the
players. This simplifying assumption eases the exposition without loss of generality,
because all the results here can be extended to non-connected type spaces by tak-
ing convex combinations of functions and probability distributions over the common
knowledge components.

3.1 Characterization of the existence of a common prior

The main characterization of the existence of a common prior in the literature is based
on the concept of agreeable bets.

Definition 1 Given an n-player type space t, an n-tuple of random variables (f1, ...,
fa)isabetif D7, f; =0.

Definition 2 A bet is an agreeable bet if*> E; f; > 0 for all .

In the special case of a two-player type space, Definition 2 implies that we may
consider a random variable f to be an agreeable bet if £ f > 0 > E; f (by working
with the pair (f, —f)).

The standard characterization of the existence of common priors is then:

A finite type space has a common prior if and only if there does not exist an
agreeable bet.

This establishes a fundamental and remarkable two-way connection between pos-
teriors and priors, relating beliefs in prior time periods with behaviour in the present
time period. The most accessible proof of this result is in Samet (1998). It was proved
by Morris (1995a) for finite type spaces and independently by Feinberg (2000) for
compact type spaces. Bonanno and Nehring (1999) proved it for finite type spaces
with two agents.

In the special case in which the bet is conducted between two players over the
probability of an event H occurring, i.e., the bet is the pair (lH ,—1H ), this result
yields the No Disagreements Theorem of Aumann (1976): if there is a common prior
and it is common knowledge that player 1’s ascribes probability 11 to H and player 2
ascribes probability 1, to H, then 1 = n».

3.2 Almost common priors and prior distance

We now wish to generalise the characterization in Sect. 3.1 to situations in which there
is no common prior. For some motivating intuition, consider the following scenario.

3 Recall that we adopted vector notation for E; f, hence E; f > 0 means that E; f(w) > 0 for all w € Q.
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The state space is 2 = (1,2, 3,4,5,6,7,8). There are two players. At time 19,
the knowledge of both players is given by the trivial partition; i.e., [TV = Hg = {Q},
where l'[? is player i’s initial partition.

We suppose that the players start with different priors: player 1 has prior

R
Ml_ 97 9’ 9, 9’ 97 97 6’6 9
and player 2 has prior
(1 1 1 1 3 3 3 3
H2=\16"16°16"16° 16" 16° 16" 16 ) °

At time ¢!, the players receive asymmetric information. As a result, player 1’s
partition H% at ¢! is given by

12 3[4 5 6|7 8]

and player 2’s partition H% at 2 is given by

1 23 4|56 7 8|

Using standard belief revision given the priors @1 and w, and the partitions H% and
l'[; yields the type functions 7 and #, of players 1 and 2, respectively, given by

n()=/3,1/3,1/3,0,0,0,0,0)
1(4)=(0,0,0,1/3,1/3,1/3,0,0)
t1(7) =(0,0,0,0,0,0,1/2,1/2).

and

n(l)=(/4,1/4,1/4,1/4,0,0,0,0)
n(5) =1(0,0,0,0,1/4,1/4,1/4, 1/4).

Under a naive and erroneous reading of Aumann’s No Disagreements Theorem, one
might be led to conclude that given the type profile T = {1, 2} the players would be
able to find a disagreement, because the type functions were derived above from the
non-equal priors 1 and py. However, this is not the case, because t could have been
derived instead from a common prior, namely (1/8, 1/8, 1/8,1/8,1/8,1/8,1/8, 1/8).
It therefore satisfies the condition of Aumann’s Theorem: since the type profile has a
common prior, there can be no common knowledge disagreement.

Definition 3 When we consider a given type space to have been dynamically derived
over two or more time periods from a set of priors (w1, ..., un), one prior per each
player i, we will call (u1, ..., u,) the set of historical priors of the type space.
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As we have just seen, consideration of the historical priors alone is insufficient for
making conclusions regarding agreement and disagreement; what counts is the col-
lection of the sets of priors, P;(7) for each i € I. More explicitly, there is a common
prior if and only if ﬂl’-’zl P;(t) # (. Each historical prior satisfies u; € P;(t), but
whether or not the historical priors are all equal to each other is irrelevant for dis-
agreement theorems, because the historical priors can be entirely disparate even when
ﬂ?;l Pi(t) # 4.

In the two-player case, instead of the historical priors what we need to concentrate
on are the points in the players’ sets of priors P; and P, that are of ‘minimal distance’
from each other in an appropriate metric. In a sense, we are considering an ‘alternative
history’ in which the players derived the same posterior profile but started out with
priors that are as close as possible to each other. Since P; and P, are closed, convex
and compact, such a distance is well-defined. There is a common prior if and only if
this distance is 0, if and only if there is non-empty intersection of P; and P;.

This leads to the idea that we may measure how far a two-player type space is from
having a common prior by measuring a distance between the nearest points of the sets
P1 and P>. The greater this distance, the farther the type space is from a common prior.
A point equidistant along the line between the nearest points may be regarded as an
‘almost common prior’. In the n-player case matters are a bit more involved, but the
basic idea is similar.

Given a type space 7 and its associated sets of priors (Py, ..., P,), one for each
player i, consider the following bounded, closed, and convex subsets of R™".

X =P X Ppx---x Py, 2)
and the ‘diagonal set’

D ={(p,p,...,p) e R"|p e A™}. (3)

Clearly, there is no common prior if and only if ()/_, P; = , if and only if X and D
are disjoint.

Definition 4 Let 7 be an n-player type space. The non-normalised prior distance of T
iIsminyex, pep |x — pll;,1.e., the minimal L! distance between points in X and points
in D. The prior distance of T is § = %, where y is the non-normalised prior distance
of 7,

Definition S A probability distribution p € A(S2) is a §-almost common prior of a
type space T of prior distance § if there is a point x € X such that the L' distance
between p and x is the non-normalised prior distance n§.

It is straightforward that a type space has O prior distance if and only if there is a
common prior. §-almost common priors then serve as a ‘proxy’ for common priors
when there is no common prior.
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4 The main theorem

We make use of the following generalization of Definition 2.

Definition 6 Ifabet (fi, ..., f,) satisfies max,, f;(w)—min,, f;(w) <2and E; f; >
6 for all i, then it is a §-agreeable bet.

4.1 Proof of the main theorem

Theorem 1 Let t be a finite type space. Then the prior distance of T is greater than
d if and only if there is a 5-agreeable bet.

Proof When § = 0 the statement of the theorem reduces to the standard no betting
theorem of common priors. We therefore assume in the proof that § > 0. Notationally,
throughout this proof e will denote the vector in R” whose every coordinate is 1.
We will need the following generalisation of the Minimum Norm Duality Theorem
(see, for example, Dax (2006)): given two disjoint convex sets C1 and C, of R,

min lx1 — x2], = max inf f-x;— sup f-x2, 4)
€€l 0 P per 1, <1y 31 €CH reCs

where |||, and |||, are dual norms, with the maximum in the right-hand side of
Equation (4) attained by some f € R™" such that || f|| g = 1. In broad outline, this
theorem is needed for both directions of the proof; if there exists a §-agreeable bet we
use it deduce a lower bound on the distance between X and D, and if the prior distance
is greater than § then the fact that the maximum in the right-hand side of Equation (4)
is attained by some f is exploited to construct a §-agreeable bet.

In one direction, suppose that there exists f = (fi,..., f,) that is a §-agreeable
bet. Since § > 0, X and D are separated. Choose a pair of points (x{, ..., x;;) € X and
(p*, ..., p") € D at which the minimal L! distance between X and D is attained.
As f is a §-agreeable bet, f; - x* > § for each i, hence > ; f; - x} > né. Since
2. fi=0,>fi-p*=0,and we have > ; f; - (x} — p*) > né.

Next, note that by assumption max,, f;(w) — min,, f;(w) < 2 for eachi. It follows
that there is a real number ¢; such that, setting g; = f; + cie, [|gilloo < 1.

By definition of g;,

gi-(xf —p") = (fi+cie) - (x — p")
= fi-x +cie-x' — fi-p* —cie- p*.

Since both x and p* are elements of the simplex, > x*(w) = >, p*(w) = 1. This
yields

cie-x; =cj(e-x)

= ¢i (Z x?‘(w))
we2

:Ci
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and using exactly similar reasoning, c;e- p* = ¢;, yielding g; - (x*—p*) = f;-(x[ —p*)
for eachi.

We deduce that D, g; - (x— p*) = > ; fi- (x} — p*) > nd. Atthis point we invoke
the Minimum Norm Duality Theorem: since ||g;|lo, < 1 and >, g; - (x] — p*) > né,
the theorem implies that the minimal distance between X and D is greater than nd,
hence the prior distance is greater than §.

In the other direction, suppose that the prior distance is greater than 6. We need to
show the existence of a §-agreeable bet. By the Minimum Norm Duality Theorem,
there exists f = (f1,..., fn) € R such that || fi||.o < 1 for all i at which the
maximal distance is attained, i.e., fx — fy > né for all x = (x1,...,x,) in X and
y=(p,...,p) €D.

The condition fx — fy > né for all x € X and all y € D is equivalent to the
existence of b, c,d € Rsuchthatb —d > néand fx > b >d > fyforallx € X
and all y € D. Rearranging terms, we have fx —d > b —d >néand fy —d <0
forallx € X andall y € D.

Define g; := f; — d/n for each i. This yields, for all x € X,

g x=>x(fi—d/m=> xifi =D (d/m=> xif —d=f -x—d > né.

iel iel iel iel

Similarly, for all p in the simplex, with y = (p, ..., p),

g-y=p-(2gi)=p-(2(fi—d/n))zf-y—d<o.

iel iel

Since the last inequality holds for all p in the simplex, we deduce that > . g; < 0.
Furthermore, since the coordinates of x; are non-negative, increasing the coordinates
of the g; does not change the inequality >, g;x; > né, hence we may assume that g
satisfies D ; gi = 0.

The fact that >_, g;x; > né still leaves the possibility that g;x; < & for some i. But
let x be the point that minimises g; x; over P;, foreachi. Since Z?:l gix’ > né, there
are constants ¢; guaranteeing x'g; + ¢; > & for each 7, satistfying >_; ¢; = 0. Define
h; = g + cie. Then max,, h;(w) — miny, h;(w) < 2 foreachi,> . h; = D ;g =
0, > hix; > né, and for each x; € P;, hjx; > 8. O

Corollary 1 If the prior distance of a finite type space is 8, then there is no bet
(f1, .-, fu) satisfying || filloo < 1 and E; f; > 6 for all i.

Remark 1 Although we have chosen to use the L' norm to measure prior distance,
from a purely mathematical perspective, this choice of norm is arbitrary. The proof of
the Theorem 1 is based on a form of the Minimal Norm Duality Theorem that holds for
any pair of conjugate real numbers p and g. With appropriate changes to Definitions
4 and 5, the proof and the statement of Theorem 1 could be rewritten in terms of any
pair of dual norms.
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4.2 Agreeing to disagree, but boundedly

Corollary 2 Let T be a finite, two-player type profile with § prior distance, and let
w* € Q. Let f € R® be a random variable, and let 1,1y € R. If it is common
knowledge at w* that player 1’s expected value of f is greater than or equal to 1y,
and player 2’s expected value of f is less than or equal to 1>, then

[ —m| <26 flls -

Proof Suppose that [n] —n2| > 28 || f]l - Letg = #.Theng satisfies [|gllo < 1,
hence max,, f;(w) — min, f;j(w) < 2, yet |[E1(g(w)) + E2(—g(w))| > 2§ for all w,
contradicting the assumption that the prior distance of t is §. O

This also leads to a generalisation of the No Disagreements Theorem of Aumann
(1976), to which it reduces when § = 0.

Corollary 3 Let T be a finite, two-player type profile of § prior distance, and let
w* € Q. Let H be an event. If it is common knowledge at * that E\(H | w) = n
and E>(H | w) = na, then |n) — m2| < 6.

Proof Let f € R%satisfy 0 < f(w) < 1forall v € Q. Then it cannot be the case that
|[E1(f(w)) + E2(— f(w))| > § for all w. Suppose by contradiction that this statement
holds. Let g = 2f — 1. Then |E1(g(w)) + E2(—g(w))| > 26 for all w, contradicting
the assumption that the prior distance of 7 is §.

Consider the standard characteristic function 1. Since 0 < 14 (w) < 1 forall w
and the expected value of 17 at every state is the probability of the event H at that
state, the conclusion follows. O

5 Getting to agreement

What happens when partition profiles are refined? It is straight-forward to show that
such refinements can only increase the set of priors, and therefore the prior distance
can only decrease. More formally, let 7p < 71 < - -+ < 7 be a sequence of successive
proper refinements of type spaces with (8¢, 1, ..., 8x) the corresponding sequence
of prior distances of the refinements, Then 69 > 81 > --- > ;. In words, ‘increasing
information can never increase (common knowledge) disagreements’.

This naturally leads to the questions: can refinements always lead to a common
prior, and if so, how many refinements are needed to attain a common prior? Theorem
2 answers these questions.

Theorem 2 Let 1y be a positive type profile with 8y prior distance, and let 1y <
T1 < --- be a sequence of successive proper refinements, with 69 > 81 > --- the
corresponding sequence of prior distances of the refinements. Then there is a k <
(1] — D|2| — |to| + 1 such that §; = 0, i.e., after at most k proper refinements, there
IS a common prior.
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Proof We make use of the following result from Hellman and Samet (2012): for a
partition profile IT, if

[ = (] = DI + CID), &)

then any type profile over IT has a common prior.*

Suppose that we start with a type profile 7g of size |tg|. In the ‘worst case’, the size
of the type spaces in the sequence of refinements ty) < 71 < - - - increases by only one
at each step; i.e., |tj41| = |tj| + 1. If a given refinement in this sequence increases
the number of common knowledge components, it can only add 1 to the total number
of common knowledge components while at the same time the number of partition
elements has increased by 1, hence this makes no difference for the number of steps
remaining towards the attainment of a common prior.

It follows that for ¢ = (|I| — 1)|2| — |zo| + 1, the partition profile of 7, will
satisfy the condition in Equation 5, and hence 7, will have a common prior. If the
size increases by more than one in some steps, the condition will be satisfied at some
k < g, and then 7} will be guaranteed to have a common prior. O

Note that:

1. It does not matter what the prior distance §y is when we start the process of
successive refinements; we will always get to a common prior.

2. Perhaps surprisingly, the upper bound on the number of successive refinements
needed to attain a common prior is entirely independent of §yp and depends only
on the total number of initial partition elements. This means that no matter how
far apart the players start out and what their initial type functions are, they are
guaranteed to attain a common prior within k refinements.

Geanakoplos (1994) presents a version of the well-known envelopes problem in
which the players refrain from betting, not because their posteriors are derived from
common priors, but because they know that the posteriors could have been derived from
a common prior and hence they know they cannot disagree. What we have here is an
extension of this principle to all type profiles: what count for bounding disagreements
are the almost common priors. All the data needed for bounds on disagreements can
be known from the posterior probabilities, without reference to a prior stage. Indeed,
even if there was historically a prior stage, one is better off ignoring the historical
priors and considering instead the almost common priors.
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Iterated expectations

1. Introduction

The common prior assumption, ever since it was introduced into the study of games with incomplete information by
Harsanyi (1967-1968), posits that all women and men are “created equal” with respect to probability assessments in the
absence of information — hence the term common prior — and all differences in probabilities should, in principle, be traced
to asymmetries in information received over time. The idea has become very pervasive, and in most applications of type
spaces to economics it is assumed that players’ beliefs can indeed be derived from a common prior by Bayesian updating.
A prior probability can be interpreted as the beliefs of a player in a previous period. In many models, however, any previous
period is either fictional or irrelevant to the matter being studied. It is also clear that there are many plausible models of
type spaces in which it is impossible for the players to have arrived at their current beliefs via updating from a common
prior. This leads naturally to the question of whether a criterion can be identified by which one can tell, using the current
beliefs of the players, that they have a common prior.

Aumann (1976), in his celebrated No Disagreements theorem, presented a necessary condition for the existence of a
common prior in terms of present beliefs: if there is a common prior, then it is impossible to have common knowledge of
difference in the beliefs of any given event. Numerous authors extended this result and applied it to interactions between
agents in various situations. The typical result is a “no-bet” or “no-trade” theorem (for example, Milgrom and Stokey, 1982,
or Sebenius and Geanakoplos, 1983) — agents who start with common prior distributions will never agree to engage in
speculative trade based on differences in private information that they subsequently receive. As soon as it becomes common
knowledge that they wish to trade, their expectations for the value of assets in question become identical.

In the 1990s, it was shown, by several researchers independently, that the converse statement also holds, thus leading to
a characterization of the existence of common priors that may be termed the No Betting characterization: a necessary and
sufficient condition for the existence of a common prior is that there is no bet for which it is always common knowledge
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E-mail address: ziv.hellman@mail.huji.ac.il.

0899-8256($ - see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.geb.2010.06.012



164 Z. Hellman / Games and Economic Behavior 72 (2011) 163-171

that all players expect a positive gain. The most accessible proof of this result is in Samet (1998b). It was proved by Morris
(1994) for finite type spaces and independently by Feinberg (2000) for compact type spaces. Bonanno and Nehring (1999)
proved it for finite type spaces with two agents.

As Samet (1998a) points out, this characterization satisfactorily solves the question of how one can tell when players
have a common prior, but it fails to express the common prior in a meaningful way; the fact that disagreement regarding
the outcome of a bet cannot be common knowledge may guarantee the existence of a common prior, but it tells us nothing
about this common prior. He then proceeds to present a very different necessary and sufficient condition for the existence
of a common prior that not only identifies the common prior when it exists, but also provides an epistemically meaningful
interpretation to it.

This condition is expressed intuitively in Samet (1998a) in a colorful story. Imagine that Adam and Eve, who have both
excelled in their studies at the same school of economics, are asked what return they expect on IBM stock. Having been
exposed to different sources of information, we should not be surprised if the two provide different answers. But we can
then go on to ask Eve what she thinks Adam’s answer was. Being a good Bayesian, she can compute the expectation of
various answers and come up with Adam’s expected answer. Likewise, Adam can provide us with what he expects was
Eve's answer to that question. This process can continue, moving back and forth between Eve and Adam, theoretically
forever. There are, in this example, two possible infinite sequences of alternating expectations, one that starts with Eve and
one that starts with Adam. Samet calls this process “obtaining an iterated expectation”, and shows that, when the relevant
state space is finite, there exists a common prior if and only if both of these sequences converge to the same limit.

He achieves this result by representing Adam’s beliefs! by a type matrix M; and Eve's beliefs by a type matrix Mj.
These then form two permutation matrices, My, = M2M1, which is intended to be used for the process of obtaining iterated
expectations starting with Adam, and M,, = M1M;, which does the same for the iterated expectations starting with Eve. It
then turns out to be the case that both My, and My, are ergodic Markov matrices, and therefore each of them has a unique
invariant probability measure, which may be labelled respectively p; and p». It is then shown that if p; # p,, Adam and
Eve cannot share a common prior. On the other hand, if p; = p», then not only is there a common prior, it has positively
been identified — it is precisely p := p1 = p».

We can term the criterion by which a common prior is ascertained to exist, by the identities of the invariant probability
measures associated with permutation matrices, the iterated expectations characterization. Samet (1998a), however, proves it
only in the context of finite state spaces. Given the results in Feinberg (2000) and Heifetz (2006), which extend the No
Betting characterization to compact state spaces, it is natural to wonder whether an analogue of Samet’s characterization
can also be shown to hold in compact state spaces.

It is the goal of this paper to show that there is an affirmative answer to that question. The significance of such a
result is clear, given that there are many models of interest which involve infinite state spaces and cannot be reduced to a
finite space — we therefore extend the application of the iterated expectations characterization to many models to which it
previously could not be applied.

It is also shown here, by way of an example, that compactness is necessary in the sense that if one does not assume
compactness, the infinite dimensional analogue of the permutation matrix M, may not have a well-defined invariant proba-
bility measure — and without that, the subsequent propositions do not follow, and indeed in that case there is no guarantee
that the iterated expectations characterization for checking the existence of a common prior can even be applied intelligibly,
as there may not be invariant probability measures that can be compared against each other.

It should also be noted that the iterated expectations characterization is significant because it provides, in principle, a
way of calculating a common prior given a type space. In the finite state space context, one can form the type matrices and
apply numerical solutions for calculating invariant probability measures in Markov chains — a subject of active research — in
order to ascertain whether or not there is a common prior and if one exists, to identify it. Similarly, with the extension here
of the iterated expectations characterization to the more general compact spaces, it now becomes possible, given knowledge
of the players’ type spaces, in principle to estimate the expected values of random variables by use of numerical solutions,
such as those appearing in e.g. Hernandez-Lerma and Lasserre (2003).

The following rough correspondences exist between results in this paper and those that appear in Samet (1998a), save
for the fact that the results in that paper are strictly limited to finite state spaces, whereas that restriction is lifted here:
Proposition 1 here is (roughly) an infinite state space version of Proposition 4 of Samet (1998a); Proposition 2 here corre-
sponds to Proposition 5 of Samet (1998a); and similarly Proposition 3 corresponds to Proposition 2’ and Proposition 4 to
Theorem 1'.

2. Preliminary definitions and results
2.1. Type spaces

A type space for a set of players is a tuple (I, 2, F, ¢, (IT;, ti)icr). The set of players is denoted by I = {1, ..., n}, where
n > 2. 2 is a measurable space of arbitrary cardinality, whose elements are called states. F is a o-field of events (subsets

T For the sake of simplicity here, we will make the mild technical assumption that the entire relevant state space is the meet of the Adam and Eve type
space.
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of £2), and ¢ a non-trivial o-finite measure. For each player i € I, IT; is a partition of §2, which may be termed player i’s
knowledge partition, and t;(-, w) denotes a belief — or probability measure on (§2, F) — associated with each player i at
each state. We further assume that each element of each partition /7; is an element of F (and therefore that the atoms of
the knowledge partitions of each player are F-measurable), and that ¢ (/7;) > 0. The collection ({1;);c; is termed a partition
profile, and will sometimes be denoted here by IT.

The probability measures t;(-, w) for each player i and each state w are required to satisfy:

1 ti(IIj(w)|w) = 1.
2. For all o' € ITj(w), ti(A, @) =t;i(A, w).

The meet of IT, denoted AT, is the partition of §2 that is the finest among all partitions that are coarser than I7; for
each i. For each w, AIT(w) denotes the element of the meet containing w. A somewhat more constructive way to define
the elements of the meet utilizes the concept of reachability. A state ' is reachable from w if there exists a sequence
Wy =, w1, w3, ..., 0y = such that for each k € {0,1,...,m — 1}, there exists a player i such that IT;, (o) = IT;, (wg+1).
It is well known that o’ € A IT(w) iff @’ is reachable from w, and therefore the relation of reachability can be used to define
the meet. This characterization of the meet will be used in proofs in the body of this paper. For an event A, the event that
A is common knowledge is the union of all the elements of A IT contained in A.

A random variable is a real-valued function on §2. For a probability measure v and a random variable f on £2, the
expectation of f with respect to v is v f := fg f(w)dv(w). For each player i and random variable f, i’s expectation of f,
denoted E; f is the random variable

(Ei f)(w) 1=/f(5)dti(6_0|a))-
2

Given a type space, one can ask whether the space might have come to exist, in its current state, from a space with
no information at all, by the players acquiring new information over time and updating their beliefs in a Bayesian manner.
Each player’s possible initial belief on the no-information primeval space is called a prior. In general, given player i's current
type, there will not be a single prior, but a set of possible priors. A main question is then whether or not the players have
a common prior.

More formally, a probability measure @ over (§2, F) is a prior for player i if for every event A € F,

H(A) = / ti(Alw)dp(w).
Q
A probability measure is a common prior if it is a prior for each of the players i € I.

2.2. Markov transitions

When working with a finite state space, a Markov chain is typically represented by a series of random variables
{X1, X2, ...} along with a transition matrix M, such that the (i, j)-th element of M is the probability that X,,1 = j given
that X, =1.

In transferring this idea to a more general state space, we cannot always expect to measure the probability that the
value of a random variable in a successive time period will be a specific state, but we can ask what the probability is that
it will be in an event. In formulae, if (£2, ) is a measurable space, (X, B, P) a probability space, E an event in F, and
{¢1, &2, ...} is a sequence of §2-valued random variables defined on X, our analogue of the transition matrix will be given by
M(E|w) := P({n+1 € E|¢n = w). This motivates the standard definition of a general Markov transition probability function:

A stochastic kernel or Markov transition probability function on (£2, F) is a function M such that

1. M(-|w) is a probability measure for each fixed w € £2.
2. M(E|-) is an F-measurable function on §2 for each fixed event E € F.

One of the most important aspects of finite state Markov transitions is the interpretation of the n-th power of a Markov
transition matrix as representing the n-th step of iterating the transition probabilities encoded in the matrix. The analogue
in general state spaces iterates a Markov transition probability function M by the following recursive definition:

M"(E|w)=[M”—1(E|w/)d1vl(w’|w)=/M(E|w/)dM"—1(a)’|w)
Q Q
for all E € F and w € £2.
In the rest of this section, fix a Markov transition probability function M.

Let A(£2) denote the space of probability measures on £2, with this space naturally outfitted with the induced weak*
topology. It is possible to regard M as a function from A(£2) to A(£2), as follows: For each v € A(£2), let
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(VM) (E) := / M(E|w) dv(w).
2

Then M acts on A(£2) by way of v— vM. Using this notation, a probability measure v is invariant with respect to M if
v =VM. If such a measure exists, M is said to admit an invariant probability measure.

The transition probability function M can also be considered as operating on bounded functions in the following way.
For each bounded integrable function f : 2 — R, let Mf be the bounded function

Mf(w) = / f@)dM@|w).
2

If v is an invariant probability measure with respect to M, then M can also be considered to be a linear operator on
L1(v) :=L1(£2, F,v) into itself. We can then define, for any k and f € L1(v)

MK f (@) = / f@)dM* @|w).
2
We have in addition the concept of the Cesaro mean, defined as

n—1
1
M® f(w) := - ZMkf(a)).
k=0

If 2 has a topology t, denote the class of bounded continuous functions with respect to t from £2 to R by C(§2). Then
M satisfies the weak Feller property if M maps C(£2) to C(£2).
Given the underlying space (£2, F, ¢), a Markov transition function M is g-irreducible if

ZM”(E|a)) >0

n=1

for all w € £2 whenever ¢(E) >0 for E € F.

We will make use of the following important theorems from the theory of Markov chains. These three theorems appear
in Hernandez-Lerma and Lasserre (2003) respectively as Theorem 7.2.3, Proposition 4.2.2, and an amalgam of Theorem 2.3.4,
Proposition 2.4.2 and Proposition 2.4.3:

THEOREM (Existence of invariant probability measure). Let £2 be a compact metric space, and let M be a Markov transi-
tion function on §2. Then M admits an invariant probability measure.

THEOREM (Uniqueness of invariant probability measure). Let M be a g-irreducible Markov transition function and sup-
pose that M admits an invariant probability measure v. Then v is the unique invariant probability measure for M.

THEOREM (Birkhoff's Ergodic Theorem for Markov processes). Let M be a Markov transition function that admits an
invariant probability measure v. For every f € L1(v) there exists a function f* € L1(v) such that

P™ f — f*y almost everywhere

and
/f*dv:/fdv.

In addition, if v is the unique invariant probability measure of M, then f* is constant v-almost everywhere, and f* =
[ fdv, v-almost everywhere, so

the time-average lim M™ f = the space-average / fdv,v-ae.
n—-oo

3. Type spaces within the Markov framework
3.1. Relating type spaces to Markov processes

In this section, we relate the concepts of type spaces and Markov processes (similarly to the way this is accomplished in
Samet, 2000).

First, note that by definition, the probability measure t;(-|-) associated with each player i satisfies the conditions for
being a Markov transition probability function, hence we can relate to it as such. We will relabel ¢;(-|-) as M; in the sequel
when we wish to emphasize we are treating it as a Markov transition.
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In general, given any two probability measures Py and P;, one can define a new probability measure P,P1(E|w) by

PPy (Elw) = / Py (E|®)dP1 @]w).
2

This obviously can be iterated any number of times. In particular, given a measure P, we can construct an infinite
sequence of measures {P"(-|w)n>1}. In our specific context, given any two players i and j and a measurable event E, the
probability measure ¢;t;(E|w) based on t; and t; is similarly defined by

titj(Elw) = / ti(E|®) dl’j(&j|0)).
2

In particular, given an element o in Sym(I), the set of all permutations of the elements of I, define

to :=to1y---tom)

iteratively, by using the above to define tysu—1)ton, then ton—2(ts n—1)ten), and so on.

We can now re-interpret various notions relating to a type space within the Markov framework. First, note that for any
function f on the state space, M;f is precisely the expectation of f in player i's estimation (cf. Samet, 2000). This expec-
tation is what is usually considered of economic significance and importance, as players choose their actions by comparing
the relative expectations of functions.

Complementary to this, an invariant probability measure v with respect to the Markov chain M; is precisely a prior of
player i. A common prior is a probability measure that is simultaneously invariant with respect to all {M;}ic;.

A sequence s = (i1, i,...) of elements of I is called an I-sequence if for each player j, i,y = j for infinitely many ks.
The iterated expectation of a random variable f with respect to the [-sequence s is the sequence of random variables
{M;, ... M;, f};:il

Given the identification of E; f with M; f, we can write, given a permutation o of I,

My :=Es =ty :=Eqg,...Eqy, =My, ... Mg, =tq, ...t5

n

and term this a permutation chain.
The iterated expectation of f with respect to o is the sequence {E’f, f1R2,, and the Cesaro iterated expectation of f with respect

00 is {Ey © .. The iterated expectation o with respect to o is the iterated expectation o with respect to the
t EY) f)2 . The iterated tation of f with tt the iterated tation of f with t to th
I-sequence

0’1,...,(7",0’1,...,On,...

as defined above.

It should be noted here that the results in this paper do not extend all the results of Samet (1998a) to compact metric
spaces. To be precise, the claims of that paper, in the finite type space context, show that the existence of a common prior
implies that for each random variable f it is common knowledge in each state that all the iterated expectations of f, with
respect to all I-sequences s, converge to the same limit. The claims of this paper show that, in the context of a compact
e.m.p. type space (as defined in the next section), the existence of a common prior implies that for each random variable f
it is common knowledge in each state that the Cesaro iterated expectations of f with respect to each permutation converge
to the same limit, but not with respect to all I-sequences.

3.2. Everywhere mutually positive type space

A type space (I, 2, F, ¢, (I1;, t;)ic;) with a topology T over £2 will be termed everywhere mutually positive (e.m.p.) if it
satisfies the conditions:

1. For each state w € £2, there exists an event A(w) 2 w such that A(w) € N;IT;(w), and ¢ (A(w)) > 0.

2. For all i € I, each state w € £2, and every event A 5> w such that ¢(A) > 0, the inequality t;(A|w) > 0 is satisfied.

3. The correspondence w +> t;(-|w) is continuous with respect to the topology t and the weak topology on A(S2), for
every i el.

The intuitive reason for working with everywhere mutually positive spaces is that we wish to relate together the main
elements with which we are working, namely the partitional structure, the type probabilities, the topology, and the un-
derlying measure on the space. Consider, for example, three states w1, wy, w3, that are reachable one from the other by
way of w1, wy € ITj(w1) and wy, w3 € ITj(w3), for players i # j. As these states are connected from the perspective of the
partitional structure, we want them to be “connected” also in the sense of Markov transitions, that is, intuitively speaking,
we want there to be a positive probability of transitioning to ws from wj. This means avoiding situations in which, e.g.,
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there is non-zero probability of transitioning from w; to w3 according to t;, but the transition from w; “gets stuck” because
t; assigns zero probability to transitioning from w to wp, or because the underlying measure ¢ assigns zero probability to
every event in IT;(wy) N ITj(wy). The first two properties in the definition of an e.m.p. are together intended to avoid various
such difficulties. The third property relates the topology 7 and the type spaces in a standard continuity requirement.

Note that when 2 is finite and [T is positive, meaning that t;(w|w) > 0 for all i and all w, the corresponding type space,
using the standard counting measure, trivially satisfies the conditions of being everywhere mutually positive. Also note that
from previous definitions it follows that

/ (@ dt:@lw)
2

is always continuous in w for every f € C(£2).

If in addition to the above conditions, (£2, T) is compact metric space, the type space (I, 2, ¢, F, T, (I1;, t;)ic;) will be
called a compact e.m.p. space for short. Nearly all the results in this paper will henceforth assume a compact e.m.p. type
space. For notational ease, (I, 2, ¢, F, T, (I}, t;)ic;) Will be written simply as (£2, 7).

4. Common priors and compact e.m.p. type spaces

Given any Q € I1, the restriction of M; to Q, for any player i, will be written as M,.Q. Given a permutation o in Sym(I),
the restriction of My to Q is similarly denoted by Mg.

Lemma 1. Given a type space satisfying properties (1) and (2) of e.m.p. type spaces, for any permutation o of I and player i, and for
any arbitrary pair of states w, @ € ITs i) (w), there is a ¢-non-null event A(w) such that t; (A(w)|@) > 0.

Proof. Let w, @ € [Ty (j)(w). By property (1) of e.m.p. type spaces, there exist ¢-non-null events A(w) > w and A(®) > ®
such that A(w) € N;jj(w) and A(@) € N;IT;(®). Let i < j < n; by property (2), ty(j)(A(@)|@®) > 0, and similarly, for any
1<k <i, we have ty) (A(w)|w) >0 for 1 <k <i. From ts () (A(@)|®) > 0 and ts ) (A(@)|®) =ty i) (A(@)|®) (which holds
since @, ® € My i) (w)), it follows that t4 i) (A(w)|®) > 0.

We now unravel the recursive definition of ts 1) ...tsm). For i < j <n, suppose that ts(j)...tom (A(@)|®) > 0 (which is
certainly true when j =n). Then

to(j-Dto ) -+ tom (A@D)D) = / Lo (j-1) (A@)|0) d(to jy - - - tom) (< |D)
2

But the facts that te(j)...tom) (A(®)|®) > 0, that A(®) C s (j—1)(@), and that tyj_1)(A®)|0') = te(j—1)(A(®)|®) > 0 for
all ' € My ;) (@), taken all together, imply that tyj—1)...tsm) (A@)|@) > 0.

Similar reasoning can be applied at the transition point from ts(it1)...tom) tO to(y...tom), and the transition point
from tg ) .. .tom t0 tog—1)---tem for 1<k <i, to conclude that t; (A(w)|®) > 0. O

Proposition 1. For any permutation o of I, and for any element Q of the meet of a compact e.m.p. type space (§2, T), Mf,l has a
unique invariant probability measure rrgQ.

Proof. By the assumed properties of an e.m.p. type space, Mg(,.), for any i, satisfies the weak Feller property. The weak

Feller property of M((,2 follows readily from the concatenation formation via Mc(rl(l) e Mg(n). The compactness of the metric

topology t then guarantees the existence of at least one invariant probability measure 71}8 over Mf,z by application of a
theorem cited in Section 2.2.

Next, select an event E € Q such that ¢(E) > 0, and a state @’ € E. Let w € Q be selected arbitrarily. Since w € A IT('),
there exists a sequence {w = wg, w1, W, ..., wy = &'} such that for each k € {0,1,...,m — 1}, there exists a player i, such
that IT;, (wy) = I, (wk11).

We can now define the following iterative process: by definition, there is a player ip such that [T (wo) = ITj,(w1).
At step 0 of the iterative process, we conclude from Lemma 1 the existence of a ¢-non-null event A(wi) such that
to (A(w1)|wo) > 0.

At step j > 0, there is a player ij such that IT;;(wj) = IT;;(wj+1). Applying the same reasoning as above, there is a
@-non-null event A(wj1) € IT;; (wjy1) N I, (wjy1) such that ty (A(wjy1)|wj) > 0, and furthermore by concatenating the
results of steps previous to step j, tf,“ (A(wj4+1)|wo) > 0.

At the end of the process, the conclusion is t' (A(wm)|wo) > 0, with wy € A(wn) C IT;,_, (wm). Finally, from ¢(E) > 0
and the assumption that the type space is an e.m.p. space, we have ts ) (E|@w’ = wm) > 0 for all k € I. By a slight tweaking
of the proof of Lemma 1, using the fact that ' € A(w’) N E and that for all k, t; ) (A(@')|@’)) > 0, we can show that
ts (E|@’) > 0 and then that t?“ (E|lwp) > 0. We thus conclude that Mg is gp-irreducible, hence m? is unique. O
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Proposition 2. For a compact e.m.p. type space §2, the following are equivalent.

1. 7T is a common prior on S2.
2. 7 is an invariant probability measure of M; for each i € I.
3. m is an invariant probability measure of My for every permutation o.

Proof. This is the compact-space equivalent result to Proposition 5 of Samet (1998a), and the proof is nearly identical. Al-
most immediately from the definitions, 1) and 2) are equivalent. That 2) implies 3) is quite readily seen: if wt; = 7 for each
player, then one can successively calculate 7 (ty (1) ...tom) =T (ts2) .. .tom) =+ = Ttem =7, for any permutation o.

It remains to show that 3) implies 2). Suppose 3), and let 7 be the invariant probability measure. Thus

T (tity...th) =7,

Multiplying from the right by t; gives

T (t1ty ... tht1) = 7 H1.

So mtq1 is an invariant probability measure of t;...t;t1. But by 3), v is an invariant probability measure of MM, ... My,
and by the previous proposition, My M, ... M7 has a unique invariant probability measure. Thus, w M = 7, and by entirely
similarly arguments 7 M; = for alli. O

Corollary 1. For every Q € A I, there exists at most one common prior on Q.

5. Permutations, iterated expectations and common priors
5.1. Main results

Proposition 3. Given a compact e.m.p. type space 2, for each random variable f on §2 and permutation o, lim_, E((f) f exists, and
on each element Q in A I it is constant and is equal to yr(? f, yr(? -almost everywhere.

Proof. This follows from the previous propositions and Birkhoff's Ergodic Theorem, cited in Section 2.2. O

Proposition 4. Given a compact e.m.p. type space 2 satisfying A IT = {$2}, a common prior 1 exists iff for each random variable f,
the elements of

{ lim E((f‘)f)a eSym(I)}

n—oo

converge 1, -almost everywhere to the same limit. Moreover, if  is the common prior, then this limit is 7 f, 7 -almost everywhere.

Proof. As above, lim,_, E((,” ) f is constantly 7, f, 7ms-almost everywhere, where 7, is the unique invariant probability
measure of My on £2. Thus, for each f, the limits for all o are respectively m,-a.e. equal to each other iff for each f, 7, f
are T, -a.e. constantly equal to the same value for all o.

Clearly, if there is a probability measure 7 such that 7, = for all o, then the 7, f are all equal to each other. In the
other direction, if in particular for each A € F, the ms x4 are all equal, then there is a probability measure 7 such that
7y = for all o. This amounts, given previous propositions, to saying that 7z is a common prior. O

We can summarize these results as follows:

Main Theorem. Given a compact e.m.p. type space whose meet is a single element, for each random variable f and permutation o of
the players, the Cesaro iterated expectation of f with respect to o converges, and the value of its limit is common knowledge. Moreover,
there exists a common prior if and only if for each random variable it is common knowledge that all its Cesaro iterated expectations
with respect to all permutations converge to the same value.

5.2. On the use of Cesaro means

In Samet (1998a), in the finite state space case, results are stated in terms of iterated expectations, i.e. limy_o EL f,
whereas the results here work with Cesaro limits, i.e. limy_ o Ef,") f. It may be natural to inquire what is gained and/or lost
in this distinction.

At the intuitive level, returning to the story of Eve and Adam in Samet (1998a), we again have the iterated operations

of Eve computing the expectation of Adam’s expectation of Eve’s expectation ... and so on. But now the sequences we
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concentrate on, E} f, are the running averages of these iterated expectations, rather than the expectations themselves, and
the question is whether or not these averages converge to the same value.

From one perspective, Proposition 4 can be regarded as pointing to a “test” for establishing whether a common prior
exists — in words, check if limp_ o Ef," ) f converges a.e. to the same value for each o € Sym(I) and each random variable f.
But because the operation of taking Cesaro means preserves convergent sequences and their limits — i.e. if limy, o E} f =a
then certainly limy_, o ES,") f =a — in one direction it suffices to replace the Cesaro iterated expectation lim;,_, 5 E((,”) f with
the simple iterated expectation lim,_,~ EX f, and from this point of view we have an “exact” extension of the finite Samet
result. However, if one has identified a random variable f and o € Sym(I) such that lim,_, o E} f diverges, that is not
sufficient to conclude, in the infinite state space case, that there is no common prior, because in that case one needs to
check in addition whether lim;,_, o Ef,") f also diverges.

Similarly, Proposition 4 asserts that if there is a common prior, then for each random variable f and each o € Sym(l),
limy o0 E((,”) f converges a.e. to the same value — but from this it cannot be concluded that the same can be said of the
iterated expectation limp_,~ E% f, because it is possible for the latter to diverge when the Cesaro sums converge.

Nevertheless, this result may still be useful for certain applications. To take one example, consider the model of utilitarian
preference aggregation under incomplete information presented in Nehring (2004), in which social preferences amongst a
set of agents [ is calculated as E; (3 ;¢ Ul.f ), where the random variable Uif is agent i’s utility derived from “social act” f
(represented as a random variable over a finite set of states £2) and E,, denotes the expectation with respect to a common
prior . Without going into details here, the key point of the model in that paper of interest here is a result that asserts that
act f is “socially preferred” to g, written f >; g, if and only if E,,(3_";; Uif) >En(Q i Uig), where the common prior u is
assumed to exist. The common prior therefore plays the role of a “group” valuation. Nehring (2004) seeks to characterize
this group valuation in terms of the beliefs of the individual agents, and appeals to Samet’s result to do so.

With the results of this paper, extending Nehring’s model to an infinite compact e.m.p. type space £2 with a common
prior u, it can be shown that the group valuation may be related to the (potentially finite iterations of) beliefs of indi-
vidual agents. In Nehring (2004), f >; g if and only if for some finite sequence {iq, ..., i}, it is common knowledge that
Eip.iv Qict U,.f) > Eip it Qier U;.g). Using the Cesaro mean approach in the infinite compact case, we can recapitulate this

result in the “if” direction. In place of Nehring’s supposition of common knowledge that E;, i, (3", Uif) >Ei, iy it Ul.g)
for some finite sequence, suppose (in the infinite compact e.m.p. case) that for some finite k and permutation o € Sym(I),
there is common knowledge amongst the agents in I that EX (3", Uif) > EX (Y Uf) + &, where & > 0 is arbitrary. This
last inequality may be rephrased as

EX (Z ul - Zuf’)(w) > ¢

iel iel

It then follows from the definitions that there is common knowledge amongst the agents that E} (3;; U,.f —YiaUdH>¢
for all integers n > k. But from this it readily follows that

. (n) f : (n) g
i e (o0l ) - fm £ (320 )+
iel iel
or

(L0l ) = eu( L 0f) +e

iel iel
since by Proposition 4 and the assumption of the existence of a common prior w, E,(} i Uif ) is given by
limy_s E((,")(Z,»E, Uif) for each permutation o. We can then conclude that f >; g.

6. The necessity of compactness

In this section we demonstrate that the conclusion of Proposition 1 above, namely that each M, has an invariant proba-
bility measure, does not hold when the assumption of compactness is relaxed. As the proofs of the propositions subsequent
to Proposition 1 are ultimately dependent on the conclusion of Proposition 1, they cannot be conducted without compact-
ness.

The example we use here is a variant of the famous “electronic mail” games. Consider two individuals, Anna and
Ben, and a denumerable state space 2 = {1,2,3,...}. Anna’s partition is {{1},{2,3},{4,5},...} and Ben’s partition is
{{1, 2}, {3, 4}, {5, 6}, ...}. The meet is {£2}.

Ben’s beliefs are always equal probabilities to the two states in each of his partition members. Anna’s beliefs are also
equal probabilities to the two states in her partition members, save for the probability 1 which is necessary for the single
partition containing one state.

We can depict the beliefs of each of the two players in the form of infinite matrices:
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10 0 0 0 0 ... 1L 000 0 .7
03 3000 110000
03 3000 0031 300
o000 1 1o 11
Anna = ff , Ben=002200
000 5; ;0 0000 5 1
1 1 1
1
5 0 0
L 0 i _ 0 0 i
Form the permutation matrix My := Ben x Anna
~1 1 1 —
27 2300
1 1 1
7 21700
1 1 1 1
0 7z 7 7 3
o 1 1 1 1
Ben x Anna = 44‘1“]‘
000 % 2
1 1
000 % 3
00
L 0 0 ...

and note that it forms the following pattern: letting O stand for the set of positive odd integers, and regarding M, as
a mapping on the domain N x N, we start with Ms(1,1) = 3, My(2,1) = 1, and for each j€ 0, } =Ms(j.j+ 1) =
Mo(G+1,j+1)=Mo(j+2, j+ 1) =Mo(j+3, j+ 1) =Mo (j, j+2) =M (j+1, j+2) = Mo (j+2, j+2) = Mo (j+3, j+2).
For all other values of k and I, M, (k,1) = 0.

Suppose now that there is an invariant probability measure 7t with respect to M. Let 7 (1) = «. Then by the definition
of invariant probability, it must also be the case that 7 (2) = «, because 7 (1) = %(n(l) + 7 (2)). Similar reasoning leads to
the conclusion that t13) =, 71@4) =, ..., 71 k) =«,....

Now, « € [0, 1], so either Y p2, (k) =0, or ) ;2 7 (k) = cc. In either case, 7 cannot be a normalized probability.

7. Conclusion

As stated in the introduction, in this paper we have extended most of the results of Samet (1998a) to compact e.m.p.
type spaces and shown that compactness is necessary for the proofs of the results. As noted in Section 3, whether our
results on compact e.m.p. type spaces also apply with respect to all I-sequences remains an open question.
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CHAPTER 4

Countable Spaces and Common Priors

Abstract

We show that the no betting characterisation of the existence of common
priors over finite type spaces extends only partially to improper priors in the
countably infinite state space context: the existence of a common prior im-
plies the absence of a bounded agreeable bet, and the absence of a common
improper prior implies the existence of a bounded agreeable bet. However,
a type space that lacks a common prior but has a common improper prior
may or may not have a bounded agreeable bet. The iterated expectations
characterisation of the existence of common priors extends almost as is, as
a sufficient and necessary condition, from finite spaces to countable spaces,
but fails to serve as a characterisation of common improper priors. As a
side-benefit of the proofs here, we also obtain a constructive proof of the no
betting characterisation in finite spaces.

38
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Countable Spaces and Common Priors

1. Introduction

The common prior assumption (as first introduced in Harsanyi (1967-
1968)) is taken as an integral assumption in the vast majority of models of
incomplete information. It asserts that the beliefs of individuals in different
states of the world are the posteriors that they form, after each is given
private information, from a prior that is common to them all.

Despite its pervasiveness, the common prior assumption was, and still
is, debated and challenged (see Gul (1998) and Aumann (1998)). It has been
noted that, in many cases of interest, all that observers have are profiles of
posteriors, not priors, and that there are examples of posteriors that could
not possibly have been derived from common priors.

Given the importance of the common prior assumption, intense interest
has been focussed on fully characterising the existence of a common prior in
terms of the posterior profiles — since we are interested in the players at the
present time, it is desirable to express the assumption of a common prior in
present-time terms only. Aumann (1976) in his agreement theorem, gave a
necessary condition for the existence of a common prior in terms of present
beliefs: if there is a common prior, then it is impossible to agree to disagree,
i.e., to have common knowledge of differences in the beliefs of any given
event. By extending the notion of disagreement to differences in the ex-
pectation of a general random variable, several researchers (Morris (1995);
Feinberg (2000); Samet (1998b)) were able to show that the impossibility
of there being common knowledge of disagreement is not only a necessary,
but also a sufficient condition for the existence of a common prior. Since
this characterisation is based on the criterion of whether or not there exists
a bet such that the players take opposite sides of the bet, yet each player
ascribes positive expected value to the bet at every state of the world (we
will henceforth term such a bet an agreeable bet), it is often termed the ‘no
betting’ characterisation. It has also been proved that this characterisation
obtains for type spaces over compact, continuous state spaces (see Feinberg
(2000) and Heifetz (2006)).

That left open the question of characterising the existence of common
priors in type spaces over countable state spaces, a major lacuna given the
many models of incomplete information in the game theory and economics
literature that involve countable state spaces. That the no betting characteri-
sation cannot be extended ‘as is’ to countable spaces was shown in Feinberg
(2000), which presents an example of a type space over a countable state
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space that has no common prior, yet also admits no bounded agreeable bet
(in fact, even no agreeable bet bounded from only above or from below).

Several researchers, however, noted that the counter-example in Fein-
berg (2000), and several other counter-examples (see, for example, Heifetz
(2006) and Lehrer and Samet (2011)) admit no common prior but satisfy
the property of having a common improper prior. An improper prior for
a player is a measure over the state space that may not be normalisable,
i.e., the measure of the entire space may be infinite. On encountering this
idea for the first time, it may seem strange to consider measures that are
not probability measures in the context of then deriving posterior probabil-
ities, but there is a sense in which an improper prior is an entirely natural
construction. Consider, for example, the standard uniform probability dis-
tribution in finite spaces, which represent the intuitive idea that ‘any state is
equally likely’. Clearly, there is no equivalent probability distribution over
a countable space. The closest thing would be a non-normalisable measure
w that assigns equal weight to each state w, say u(w) = 1. If now E' is a
finite partition element and one derives a posterior probability for an ele-
ment w € E by defining it to be p(w)/u(E), the result is indistinguishable
from the posterior probability that would result if £ were a subset of a fi-
nite space with the uniform distribution. Extending this idea to arbitrary
measures gives the intuition behind improper priors.

Thus, an improper prior does not enable one to consider the probabilities
that a player assigns to events at the ex ante stage, but it still enables discus-
sion of the relative likelihood that he ascribes to pairs of events, as well as
the interim probability assessments of the player — i.e. his types — con-
stitute a disintegration of the improper prior. If one is interested in interim
probability assessments and how they may be derived from ex ante consid-
erations, without necessarily demanding that a player have a full-fledged ex
ante probability measure, an improper prior can serve much the same pur-
pose as a proper prior. An improper prior common to all the players is then
a common improper prior.

There has been an open conjecture for several years, due to Heifetz
(2006), that the no betting characterisation or a close variant of it might ob-
tain with respect to common improper priors over countable state spaces. In
this paper, we directly address this conjecture, and prove that the absence
of a common improper prior is a sufficient condition for the existence of a
bounded agreeable bet among players. It is not, however, a necessary con-
dition; we exhibit a simple example of a type spaces over a countable state
spaces that has both a common improper prior and a bounded agreeable bet.
We also show that the existence of a (proper) common prior is a sufficient
condition for the absence of a bounded agreeable bet.
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These results, along with the example in Feinberg (2000), indicate that
the no betting criterion is rather weak in the countable state space case. In
particular, the ‘intermediate’ case of a type space with no common prior but
a common improper prior is consistent both with the existence of a bounded
agreeable bet and the absence of a bounded agreeable bet. We can present
this schematically as follows:

e Common prior = No betting
No betting A Common prior

e No betting = Common improper prior
Common improper prior #- No betting

One reason that the study of no betting in countable state spaces re-
mained an open problem for several years was due to the fact that the known
proofs of the no betting characterisation, in both the finite case and the com-
pact, continuous case, were all based on one or another variant of the Sep-
aration Theorem for convex sets. As Heifetz (2006) notes, this theorem is
inapplicable in non-compact type spaces. This dictated seeking a different
approach in this paper.

The proof of Theorem 1(b) presented here, which takes up most of Sec-
tion 4, is entirely combinatorial and constructive. If the sole intention were
to obtain the shortest possible proof of the claim of the theorem this paper
could be shortened considerably, making use of the well known no betting
result in finite spaces with common priors along with Lemma 3 and Propo-
sition 7. Despite this, there is much to be gained from the constructive proof
in Section 4. Aside from the intrinsic value of a constructive proof that does
not rely on the convex separation theorem, the details of the proof reveal
interesting aspects of structures of partition profiles in knowledge spaces,
using chains and cycles. This is in line with a spate of recent papers, in-
cluding Rodrigues-Neto (2009), Lehrer and Samet (2011) and Hellman and
Samet (2012), that have used these concepts to study the fine-grained struc-
ture of partition profiles, yielding new insights into common knowledge and
related subjects.

Since the same construction for countable spaces applies in the finite
state space case, we have as a side-effect the first constructive proof of the
no betting characterisation for finite spaces. In fact, putting together the
elements of the proofs in Section 4 essentially yields an algorithm which,
given a finite type space, determines whether or not it has a common prior;
if it does have a common prior, the algorithm then constructs the common
prior; if it does not have a common prior, the algorithm constructs an agree-
able bet, thus indicating a random variables about whose expected values
the players ‘agree to disagree’.



Chapter 4. Countable Spaces and Common Priors 42

In the last section, Section 5, we turn our attention to studying, in the
countable state space context, a second characterisation of the existence
of a common prior in finite state spaces, the iterated expectations charac-
terisation introduced in Samet (1998a) (extended to the case of compact,
continuous spaces in Hellman (2011); Morris (2002) also considers iterated
expectations in infinite state spaces). The main result in Samet (1998a) is
that each iterated expectation of a random variable converges, and the value
of its limit is common knowledge. Moreover, there exists a common prior
if and only if for each random variable it is common knowledge that all its
iterated expectations converge to the same value. In that paper, it is pointed
out that ‘the stochastic analysis of type spaces is finer than the convex anal-
ysis used for the nonagreement condition’. It turns out that this statement
holds true even more strongly in the countable space context. Whereas, as
pointed out above, the no betting criterion fails to extend as a characterisa-
tion even of common improper priors in countable type spaces, it is proved
in Section 5 that the iterated expectations criterion extends, almost ‘as is’, to
a full characterisation of the existence of a common prior. But the iterated
expectations criterion does fail as a characterisation of common improper
priors, and cannot be used for the goal of identifying common improper
priors.

The study of common priors in the context of countable spaces involves
a much richer set of concepts than the finite space context. Unlike the fi-
nite case, in the infinite one the non existence of a common prior can have
different characteristics that have bearing on the question of consistency.
Mapping the relationships between these concepts is an on-going effort, as
of this writing. Research studies in this field complementary to this paper
include Lehrer and Samet (2012), who provide a sufficient condition for
type spaces that have a common improper prior to admit an agreeable bet.

Acknowledgements. Special thanks are due to Ehud Lehrer and Dov
Samet for many helpful conversations as well as crucial assistance in for-
mulating and proving Lemma 3 and Proposition 7. Thanks are also due to
Aviad Heifetz for helpful correspondence on the subject of his conjecture.

2. Preliminaries

2.1. Knowledge and Belief.

A knowledge space for a nonempty set of players I, is a pair (2, IT). In
this context, {2 is a nonempty set called a state space, and IT = (I1;) ;7 is a
partition profile, where for each i € I, I1; is a partition of €2 into measurable
sets with positive measure. We will assume throughout this paper that every
state space (Q is either finite, or countably infinite, and that |/| = m, where
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m > 2is a finite integer. Denote by A(€2) the set of probability distributions
over (2.

When working with a knowledge space (£2,II), an element w € € is
typically termed a state. For each w € (), we denote by II;(w) the element
of II; containing w. II; is interpreted as the information available to player
i; I1;(w) is the set of all states that are indistinguishable to ¢ when w occurs.
Player i is said to know an event E at w if II;(w) C E. We define for each i
a knowledge operator K;: 2 — 29, by K;(E) = {w | I;(w) C E}. Thus,
K;(F) is the event that i knows E.

A partition I1' is a refinement of 11 if every element of I1’ is a subset of an
element of II. Refinement intuitively describes an increase of knowledge.
The meet of 11, denoted AL, is the partition that is the finest among the
partitions that are simultaneously coarser than all the partitions II;. II is
called connected when A\IT = {Q}. (By abuse of notation, when IT is clear
from context, we will sometimes say that €2 is connected when the intention
is to say that II is connected).

A type function for 11; is a function ¢; : Q@ — A(Q) that associates
with each state w a distribution in A(£2), in which case the latter is termed
the type of ¢ at w. Each type function ¢; further satisfies the following two
conditions:

(@) t;(w)(Il;(w)) = 1, for each w € Q;
(b) t; is constant over each element of II,.

A type profile for Il is an n-tuple of type functions, 7 = (;);c;, Where
for each i, t; is a type function for II;, which intuitively represents the
player’s beliefs. A type profile 7 is positive if t;(w)(w) > 0 for each ¢,
and each state w.

By definition of a type function, abusing notation, we may write ¢;(w)
as short-hand for ¢;(w)(w), with the distinction between the intended inter-
pretation of ¢;(w) as an element of A({2) or as an element of R clear from
context.

A random variable f over ) is any element of R%:. Given a probability
measure ;1 € A(S2) and a random variable f, the expected value of f with
respect to u, is

(1) Euf =) fwn(w).
weN
For a random variable f, denote by E; f the element of R defined by

2) Eif(w):= > tW)f(w).

(JJIGH'L' (UJ)
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We will alternatively also sometimes write F;( f|w) in place of E; f (w), and
call this the interim expected value player ¢ ascribes to f at w.

2.2. Priors.

If Q2 is a countable state spaces, an improper prior for a type function
t; is a non-negative and non-zero function p: {2 — IR such that for each
m € 11, p(r) < oo and p(7)t;(w) = p(w) for all w € 7. Note that although
for any 7 € 1I;, p(m) < oo, the possibility that p(§2) = oo is not ruled out,
so that p may not be normalisable.

A prior for a type function ¢; is a probability distribution p € A(2)
such that for each 7 € 1I;, and w € m, the equation p(7)t;(w) = p(w) is
satisfied. Obviously, a prior is in particular an improper prior (normalising
if necessary in the finite case), so that when we use the term ‘improper
prior’ we will mean both concepts, but the term ‘prior’ alone will mean a
normalisable prior.

An improper prior does not allow us to talk about the ‘probabilities’
that player ¢ assigns to events at the ex ante stage, but it still allows us to
discuss the relative likelihood that he ascribes to pairs of events; and the
interim probability assessments of the player i.e., his types constitute a
disintegration of the improper prior.

A common improper prior for a type profile 7 is a p € D((Q2) that is an
improper prior for each player i.! A type profile 7 is called consistent (the
term is due to Harsanyi) when it has a common prior.

Note also that if p is a common improper prior, then for any constant
v > 0, yp 1s also a common improper prior. In particular, if p is a common
improper prior and p(Q2) < oo then [p(€2)]~*p is a common prior. Thus, for a
finite space, a type profile has a common prior if and only if it has a common
improper prior. In light of this, we extend the definition of consistency
to countable spaces: a type profile 7 is consistent when it has a common
improper prior and inconsistent otherwise.

2.3. Type Matrices and Common Priors.

Samet (1998a) introduced a matrix-based approach to the analysis of
common priors that is convenient for the results of this paper. Although that
paper restricts attention to finite state spaces, the matrix definitions extend
readily to countable state spaces.

! Contrasting a prior for ¢; with the types t¢;(w, ), the latter are referred to as the
posterior probabilities of :.
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We will denote by I the square identity matrix

I= . . . . 3

trusting that the size of this matrix in each case will be clear by context
(including cases in which the matrix is countably infinite).

For a type space 7, over either finite or countable 2, define for each
player i a type matrix M; in RY, by M;(w,w’) = t;(w)({w'}). M;is a
Markov matrix representing the transition function ¢;. Each type matrix M;
satisfies the following properties:

e )M, is idempotent, i.e., M;M; = M,;. This follows from the fact
that the multiplication of the j-th row of M; with the k-th column
of M, is equal to the multiplication of the j-th row by the constant
ti(w;)({wk}). But the j-th row sums to 1.

e A p such that for each 7 € II;, p(7) < oo, is an improper prior for
¢ if and only if pM; = p. This follows from the fact that the condi-
tion that p(w;) equals p times the j-th column of M, is equivalent
to the condition p(7)t;(w;)(7) = p(w;).

e For each random variable f, M, f = E;f. We will therefore use
the notation F; f and M, f interchangeably.

Furthermore, for any ¢ € R%, if p = ¢ is a well-defined element
p € R®, then p is an improper prior for 7. To see this, using the idempotence
of Mi, note that ]9]\4Z = quMz = qu =p.
Given a permutation o of /, denote
Mo’ = MO’1 o 'Mo'n = z(’-0'1 o 'to'n
and term this a permutation matrix.

For every P € AIl, and every i, denote by M/ the matrix M; restricted
to P, and similarly denote by M7 the matrix M, restricted to P.

Given the identification of E; f with M, f, we can write, given a permu-
tation o of I,
E, =E, ---E, = M,.

The iterated expectation of f with respect to o is the sequence { E¥ f}2° .
Samet (1998a) proves that in the finite state space case, p is a common prior
if and only if p is an invariant probability measure of the Markov matrix M.,
for each permutation 0. Furthermore, if the knowledge space is connected,
there exists a common prior if and only if for each random variable f, the
iterated expectations of f, with respect to all permutations o, converge to
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the same limit, and if p is the common prior, then this limit is pf. The
analogues of these results are explored in this paper in Section 5.

2.4. Common Knowledge.
Anevent Ef C () is self-evident if for all w € F and each i € [
3) II;(w) C E.
In particular, every element of the meet, M € AII, is self-evident.
An event E' is common knowledge at w € () if and only if there exists a
self-evident event [’ > w such that for all ¢ € 1
) F C K,(E).

In fact, the element of the meet containing w is also known as the com-
mon knowledge component of w, because it is the smallest self-evident set
containing w.

Working with a connected space is thus particularly convenient for the-
orems involving common knowledge, because if II is connected, then an
event F is common knowledge at w if and only if £ = (2.

2.5. Characterisation of the Existence of Common Priors.

We adopt the notation that for n-tuples z1, 7, € R?, x; > x, means
that 21 (w) > x9(w) for all w € €2, and z; > 0 means that z; (w) > 0 for all
w. x1 > x9 will be interpreted to mean that z1(w) > z5(w) for all w € €,
and there is at least one w* such that =1 (w*) = xo(w*).

DEFINITION 1. An m-tuple of random variables {f1,..., f,.} is a bet
if > fi = 0. Given an m-player type space 7, a bet f is an agreeable bet
if £;f; > 0 for all :. ¢

In the two-player case, the condition that Y ", f; = 0 is the same as
f1 = —f2. Hence in this case we will sometimes say that a bet is agreeable
if there is a random variable f such that £; f > 0 > E,f.

We can also slightly tweak the definition, replacing strict inequality with
weak inequality, to obtain:

DEFINITION 2. Given an m-player type space 7, an m-tuple of random
variables { f1, ..., fm} is aweakly agreeable betif 3"\ | f; = 0,and E; f; >
0 for all 4, with F; f; > 0 for at least one j € I. ¢

We will say that an agreeable bet {fi,..., f,,} is bounded if |f;| is
bounded for all © € [. In addition, given two sequences of r.v. [ =

{fi,---, fmtandg={g1,...,9m}, wedefine f+g:={fi+g1,....,01 +
Im }
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The characterisation of the existence of common priors in finite spaces
is accomplished by:

A finite type space 7 has a common prior if and only if there
is no agreeable bet.

The functions f;, which sum to zero, can be interpreted as a bet between
the players. The condition E;( f;|w) > 0, for each state w, amounts to say-
ing that the positivity of FE;f; is always common knowledge amongst the
players. Thus, a necessary and sufficient condition for the existence of a
common prior is that there is no bet for which it is always common knowl-
edge that all players expect a positive gain. This establishes a fundamental,
and remarkable, two-way connection between posteriors and priors.

The most accessible proof of this result is in Samet (1998b). It was
proved by Morris (1995) for finite type spaces and independently by Fein-
berg (2000) for compact type spaces. Bonanno and Nehring (1999) proved
it for finite type spaces with two agents.

3. Main Results
3.1. Agreeable Betting.

THEOREM 1. Let T be a type space over {Q, I1}, where € is countable.

(a) If T has a common prior, then there is no bounded weakly agree-
able bet relative to T.

(b) If T has no common improper prior, then there exists a bounded
agreeable bet relative to T.

PROPOSITION 1. Let T be a type space over {2, I1}, where ) is count-
able. If the set of priors of at least one player is compact, then T has a
common prior if and only if there is no bounded agreeable bet relative to T.

COROLLARY 1. Let 7 be a type space over {Q, I1}, where Q) is count-
able. If the partition 11; of at least one player j is finite, then T has a
common prior if and only if there is no bounded agreeable bet relative to T.

3.2. Counterexamples.

We show here by counter-examples that the converses to the statements
in Theorem 1 do not obtain.

The first example shows that the converse to Theorem 1(b) does not
obtain, by exhibiting a type space with both a common improper prior and
a bounded agreeable bet.
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EXAMPLE 1. The state space is 2 = {wp, w1, .. .}. There are two play-
ers, Anne and Ben. Anne’s knowledge partition, 114, is given by

{{0},{1,2},{3,4},{5,6},...}.
Ben’s partition, I, is given by
{{0,1},{2,3},{4,5},...}.

Anne’s type function, t 4, is given by ¢ 4(wo,wo) = 1, and t 4(wy,, wy,) =
0.5 for all » > 1. Ben’s type function, ¢, is given by ¢z (w;, w,) = 0.5 for
all n > 0. See Figure 1.

Ame| 1 | 1/2 1/2 | 1/2 1/2 | 1/2 1/2 |..
Ben |1/2 1/2 | 1/2 172 [ 1/2 1/2 | 1/2

FIGURE 1. The partition profile of Example 1.

Let p(w) = 1 for all w € Q. Then p is a common improper prior.
Define a bounded random variable f as follows:

1 ifn=0
flwn) =< 1+, % if n is even
—(1+Y",5) ifnisodd
Then Ea(flw) > 0 > Ep(f|lw) for all w € Q, hence {f,—f} is a
bounded agreeable bet. ¢

Example 1 exhibits a type space with a common improper prior and no
common prior, but it cannot serve as a counterexample to Theorem 1(a)
because of the existence of a bounded agreeable bet. The next example
however, exhibits a type space with neither a common prior nor a bounded
agreeable bet. The example is taken from Feinberg (2000), and is included
here for completeness.

EXAMPLE 2. The state space is 2 = {w;,ws, ...}. There are two play-
ers, Anne and Ben. Anne’s knowledge partition, I1 4, is given by

{{1},1{2,3},{4,5},{6,7},...}.
Ben’s partition, 11z, is given by
{{1,2},{3,4},{5,6},...}.

Ben’s type function, ¢, is given by ¢ g(w,,,w,) = 0.5 forall n > 1.
Anne’s type function, t 4, is given by
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1 ifn=1
" - 2/3 ifn=2F—2fork >1
Al\Wn, Wn ) = 1/3  ifn=2%—1fork >1

1/2  otherwise
See Figure 2.

Ame| 1 | 2/3 1/3 | 1/2 1/2 | 2/3 1/3 | 1)2
Ben |1/2 1/2 | 1/2 1/2 [ 1/2 172 | 1/2 1/2 |..

FIGURE 2. The partition profile of Example 2.

Let p be a candidate for being a common improper prior; by the structure
of the partition profile, the value of p(w;) determines the value of p(w,,) for
all n. It cannot be the case that p(w;) = 0, because then p(w,) = 0 for
all n. There must therefore be a real number o > 0 such that p(w;) = «a.
This then implies that p(ws) = «, p(ws) = p(ws) = p(ws) = p(ws) = /2,
p(wr) = p(ws) = ... = p(14) = /4, and so on. It follows that for any
positive «, setting p(wy) := a determines a common improper prior p; it
cannot, however, be a common prior, because » >~ | p(w,) = co.

There is no agreeable bet in this example. Let f be a candidate for a
random variable satisfying F4(f|w) > 0 > Ep(f|w) for all w € Q. Then
flwi) = Ea(flw1) >0, fwa) = 2Ep(flwi) — flwr) < —flwr), f(ws) =
BEA(flw2) — 2f(w2) > —2f(2). It emerges that f(n) is an alternating
sequence whose absolute value tends to infinity. ¢

Examples 1 and 2 show that the no betting criterion is insufficiently
subtle to be used as a tool for determining when a type space has a common
improper prior but no common prior, as both examples satisfy that property,
but one has a bounded agreeable bet and the other does not.

3.3. Unbounded Bets. The restriction to bounded bets in the statement
of Theorem 1(a) is necessary. Example 3 shows that the statement in Theo-
rem 1(a) does not hold for unbounded bets.

EXAMPLE 3. The state space is {2 = {1,2,...}. There are two players,
Anne and Ben. Anne’s knowledge partition, 114, is given by

({1}, 12,3}, {4,5},{6,7},...} .
Ben’s partition, I, is given by
{{1,2},{3,4},{5,6},...}.

Anne’s type function, t 4, is given by
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ifn=1
if n 1s even
ifnisodd,n > 1

ta(n,n) =

W=y =

Ben’s type function, ¢z, is given by

if n 1s odd
if n is even

talon.m) = {

(S VSIIN)

See Figure 3.

Ame| 1 | 2/3 1/3 | 2/3 1/3 ] 2/3 1/3...
Ben [2/3 1/3 | 2/3 1/3 [ 2/3 1/3 | 2/3...

FIGURE 3. The partition profile of Example 3.

Let p(n) = 27" for all n. Then p is a common prior.
Fix ¢ > 0. Define an unbounded random variable f as follows:

1 ifn=1
fn)=<¢ —(2f(n—1)+¢) ifniseven
2f(n—1)+¢ if nisodd, n > 1

Then E4f > 0 > Egf, hence {f, —f} is an unbounded agreeable bet.
¢

We also have a sufficient condition for ensuring that a knowledge space
admits an unbounded bet? for any positive type space defined over it.

THEOREM 2. If a knowledge space {Q,I1} over a countably infinite
space of states §) satisfies the property that the number of partition ele-

ments of cardinality greater than 1 is infinite, then any positive type space
{Q, 11, 7} over {Q, I1} has an agreeable bet (bounded or unbounded).

3.4. The Iterated Expectations Criterion.

In contrast to the no betting criterion, which fails to characterise either
common priors or common improper priors in countable spaces, the iterated
expectations criterion of Samet (1998a) does extend to a full characterisa-
tion of the existence of common priors.

2 Lehrer and Samet (2012) provide another sufficient condition for the existence of
unbounded bets: a partition is locally finite if each partition element is finite. Then Lehrer
and Samet (2012) prove that every locally finite knowledge space admits an unbounded bet
for any positive type space defined over it.
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THEOREM 3. Let T be a positive type space, and suppose that N11 =
{Q}. Then T has a common prior if and only if for each bounded non-zero
random variable f > 0, the iterated expectations of f, with respect to all
permutations o, converge to the same non-zero limit. Moreover, if p is the
common prior, then this limit is pf.

4. Acceptable Bets and Countable Spaces

First note that for the proof of Theorem 1, it suffices to prove the two
statements of when the knowledge space II is connected. For part (a), if
there exists a common prior p over a non-connected II, we can decompose
(2 into disjoint connected components, 2 = > ;5j» and then p restricted to
each S; is a common prior; if there is no acceptable bet over S}, then there
can be no acceptable bet over (). For part (b), again decompose (2 disjointly
as ) = > ;5j. If there is no common improper prior over 2, then there
can be no cip over each S; (otherwise that cip could serve as a cip for all of
(2), and if we show the existence of a bounded agreeable bet fg; over each
S;, then the function f(w) := fs,(w) for w € S; is a bounded agreeable bet
over ).

We will therefore assume that for all type spaces 7 over {€2, IT} in this
section, IT is connected.

The proof of Theorem 1(a) is a straightforward extension of the proof
of the same statement in the finite state space case.

Proof of Theorem 1(a). Suppose by contradiction that there exists a
bounded weakly agreeable bet f. First note that for any j € I,

Ey(f;) = filw)p(w)

w'eN
This quantity is well-defined given the assumptions that f is bounded, and
that p is a (proper) common prior.
Next, as p is a prior for each j € I, it follows that E,(f;) = E,(E;f;),
where F; f; is regarded as a function from (2 to R.
As fisabet, ) ., fi = 0. Hence

5) 0= E, (Z fi) =Y Ef; =Y EJ(Eif).

But by the assumption that f is a weakly agreeable bet, there is at
least one player 7 such that F;f; > 0, in which case E,F;f; > 0, hence
> Ey(E; f;) > 0, contradicting Equation 5. ]
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Proof of Proposition 1. For each ¢ € I, denote the set of all priors of
player ¢ by P;. Further denote P := X;c;F;, and let D denote the diagonal,
i.e., the set of all m-tuples (p, ..., p) such that p € A(Q2). Clearly, 7 has a
common prior if and only if P N D # (). Suppose that P; is compact, for
some € I.

Suppose next that P N D = (), but that the distance between P and
D (in any appropriate metric) is 0, i.e., P and D are not strictly sepa-
rated. Then there exists a sequence Dy, D, ..., Where for each ¢, p, =
(pl,...,pi") € P, and there exists a sequence of probabilities ¢i, go, - . -
such that ||p,, — d,,|| — 0, where d,, = (¢, ... ¢n) € D.

Then w.l.o.g. there exists a sequence ¢¢, ¢, ... of elements of P; such
that ||¢" — ¢,|| — 0. By the assumption that P; is compact, there is a point
q € P; such that both ¢’, and ¢, converge to q. We can also show that ¢ € P;
for all j: for each player j, there is a sequence ¢, ¢3 . . . of elements of P;
such that ||¢/, — ¢,|| — 0. Since g, — ¢, it follows that ¢ — ¢. As P; is
closed, ¢ € P;.

We therefore deduce that there does not exist common prior if and only
if P and D can be strictly separated. The rest of the proof then proceeds as
in the analogous case in the finite state space setting, as presented in Samet
(1998b). ]

4.1. Chains.

Following a concept introduced in Hellman and Samet (2012), we have
the following definition:

DEFINITION 3. A chain of length n > 0, for a partition profile 11, from
one state to another, is defined by induction on n. A state wy is a chain of
length O from wy to wy. A chain of length n + 1, from wy to w, is a sequence

¢ = w, where ¢ is a chain of length n from wy to w’, and w € T1;(w’). Thus,

a chain of positive length n is a sequence ¢ = wy 8, wi 2 - "5 w,, such
that wy, 1 € II; (ws) fors =0,...,n — 1. ¢

We write w — w’ when there is a chain from w to «’, in which case we
say that w and w’ are connected by a chain. The binary relation — is the

o, . . . 1 . . .
transitive closure of the union of the relations —, and it is an equivalence
relation.

DEFINITION 4. Given a chain ¢ = wy -3 wy 5 -+ "3 w,, its reverse
chain ¢! is defined as

in—2

= S W,

in—1
T i=w, — Whot
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A chain c is alternating if no two consecutive states w; and w1 in ¢ are
the same, and no two consecutive agents is and i, in c are the same. ¢

Hellman and Samet (2012) prove that a partition profile IT is connected
if and only if every two states are connected by at least one chain.

4.2. Positive, Zero, and Singular States.

Towards the aim of proving Theorem 1(b), we introduce here a cate-
gorisation of states in (2, relative to a type profile 7, which will be needed
for the proofs.

DEFINITION 5. Given a type profile 7, a state w € (2 is:

e positive if t;(w) > 0 forall i € I;
e zeroif t;(w) = 0 foralli € I,
e singular if it is neither positive nor zero. ¢

Based on the categorisation of states in Definition 5, define the follow-
ing:

DEFINITION 6. Given a type profile 7,

e Asubset S C Q is i-positive if t;(w) > 0 forall w € S.

e Asubset S C (2is positive if it is i-positive for all 7 (equivalently, if
every w € S is a positive state). A chain c satisfying the condition
that every element w € c is a positive state is a positive chain.

e A subset S C Q i-non-singular if t;(w) = 0 for every singular
weSs.

e A subset S C () is non-singularly positive if it is positive, and
every maximal chain c entirely contained in S satisfies the property
that for every w € c and every ¢ € I, m;(w) is i-non-singular. ¢

A subset S of () is thus non-singular positive if it is positive, and for
every w € S, and every i € I, every w’ € II;(w) satisfies the condition that
either

e €S, or
e (' is a zero state, or
e /' is a singular state such that ¢;(w') = 0.

Note that it is immediate by definition that if {2 is a positive state space,
then trivially the entire space (2 is non-singularly positive.

The distinctions made in Definition 6 are illustrated in the following
examples.

EXAMPLE 4. Let Q = {wy,wq}, [I; = IIy =, and let 7y be {{1,0}}
and 7 be {{0,1}}.



Chapter 4. Countable Spaces and Common Priors 54

(2 has no positive subset, because all the states in {2 are singular. Clearly,
this partition profile also can have no common prior. ¢

EXAMPLE 5. Q = {wy, ws, w3, wy, ws,ws }, and let 71 be given by

= {{1}7 {1/2’ 1/2’ }7 {1/27 1/2}7 {1}}7

and 7» be given by

T2 = {{1/27 1/2}7 {1/27 1/2}7 {07 1}}

(with the structures of II; and Il clear from the structures of 7 and 7).

nl 1 |12 1212 121 |
|12 1212 12 0 1|

FIGURE 4. The partition profile of Example 5.
The subset {wy, ws, w3, wy} is positive, but it is not non-singularly pos-
itive, because ws € 11 (wy), but ws is a singular state, and 7 (w5) = % > 0.
(2, however, does have a non-singularly positive subset: the subset {wg}

meets the conditions listed in Definition 6 for a positive subset. This parti-
tion profile has a common prior: {0,0,0,0,0,1} ¢

EXAMPLE 6. 2 = {w1, ws, w3, Wy, ws, wg, wr }, and let 7, be given as

= {{07 1/27 1/2}7 {1/27 1/2}7 {07 1}}7

and 7, be given as

Ty = {{17 0}7 {1/27 1/2}v {1/27 1/27 0}}

(with the structures of II; and Il5 clear from the structures of 7; and 7).

n |0 1/2 1/2 ] 1/2 1/2] 0 1|
|1 0 [1/2 1/2]1/2 1/2 0|

FIGURE 5. The partition profile of Example 6.

The subset S = {ws,wy,ws} is positive (as is any subset of it), but
has no non-singularly positive subset. For example, .S is not non-singularly
positive, because wo € I (ws3), but wy is a singular state, and ¢; (wy) = % >
0. A similar analysis can be conducted on each subset of {2 to show that it
is not non-singularly positive. This partition profile has no common prior.

¢
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LEMMA 1. If S is a non-singularly positive subset of §2, then for any
w € S, every w' € () that is connected to w via a positive chain is also an
element of S. It follows that every non-singularly positive subset S can be
decomposed as S = UT};, where each T is a non-singularly positive subset
such that all of the members of T; are connected to each other by positive
chains.

The proof is in the appendix.

4.3. Type Ratios.

The proofs of the propositions in this subsection, which are mainly tech-
nical, are located in the appendix.

DEFINITION 7. Let 7 be a type profile and (w;,ws) an ordered pair
of positive states in 7 € II;. The fype ratio of (wi,w,) relative to i is’
trl (wy, ws) = ti(m,wi)/ti(m,ws). If a chain ¢ = wy % w; > ---
wy of length n > 0 is a positive chain, the type ratio of c is tr (c) =
X1~ tr%* (wg, Wy 1 ). For a positive chain ¢ of length 0, tr,(c) = 1. Thus, if

in—1

¢ = ¢ 5 w where ¢ is a positive chain from wy to w’ and «’ is a positive
; 4
state, tr,(c) = tr, (d)trl (o', w). ¢

We note here for later use two equalities involving type ratios that follow
immediately from the definitions:

e For any chain c,
©) tr(e) = ()],

o Ifc =w, N Wy N wg (i.e., wy, w3 € I1;(wy)), then
(7) tr(c) = tr'(wy, ws).

The following proposition extends the results of a proposition appearing
in Hellman and Samet (2012), from positive type spaces to general type
spaces.

PROPOSITION 2. Let T be a type profile over a connected knowledge
space. Then there exists a common improper prior for T if and only if €}
has a non-singularly positive subspace S with respect to T, and for each
wo and w in S, and chains ¢ and ¢ entirely contained in S from wy to w,
tr,(c) = tr ().

3 The type ratio defined in Hellman and Samet (2012) is the inverse of the one defined
here, i.e., there tri(wy,ws) = t;(m,w2)/t;(m,w1). Which definition is used is immaterial,
as long as one keeps to it consistently in an exposition. The definition chosen here is more
convenient for the equations developed in this paper.

4 When we discuss only one type profile we omit the subscript 7 in tr..
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in—l

DEFINITION 8. A chain ¢ = wy = w; = -+ = w,, where wy,1 €
IT;, (w,) fors = 0,...,n—1,is acycle’ if w, = wy. If with respect to a cycle
c of length n there is a pair s,s" € {0,...,n — 1} such that s > s + 1 and
wy € II;, (ws), then we say that ¢ has a self-crossing point at wy. A cycle
c is a non-crossing cycle if it is alternating, and has no self-crossing points,
i.e., forevery pair s, s’ € {0,...,n—1} suchthats’ > s+1,wy ¢ II;, (ws).

¢

Definition 8 leads to an immediate corollary of Proposition 2:

COROLLARY 2. Let T be a type profile over a connected knowledge
space. Then there exists a common improper prior for T if and only if € has
a non-singularly positive subspace S with respect to T, and for each w in S,
every cycle ¢ = w — w that is entirely contained in S satisfies tr(c) = 1.

In fact, we can do even better, and show that it suffices to check the type
ratios only of non-crossing cycles, instead of all cycles:

PROPOSITION 3. Let T be a type profile over a connected knowledge
space. Then there exists a common improper prior for T if and only if €}
has a non-singularly positive subspace S with respect to T, and every non-
crossing cycle ¢ that is entirely contained in S satisfies tr(c) = 1.

4.4. No Common Improper Prior Implies Existence of a Bounded
Agreeable Bet.

DEFINITION 9. Let 7 be a type space over (£2,IT), and let X C Q) be a
subset of €). Define IT restricted to X, denoted IT¥, to be the partition pro-
file over X given by ITX (w) := II;(w) N X for any state w. Furthermore, let
7%, a type function 7 restricted to X, to be any type function over (X, ITY)
that satisfies the property that for any w € €, t;(w)(II¥)tX (w) = t;(w).

In the special case in which X is a positive subset of ), 7% is explicitly
given by:

ti(w)
(I (w))

7

t (w) =
forany w € X andany: € [. ¢

Intuitively, IT;* is the partition of X derived from the partition ITI; of
by ‘ignoring all states outside of X" . It then follows intuitively that ¢;* (w),
for each state w € X, is t;(w) scaled relative to the other states in IT;* (w) in
such a way that ) ¢ (w) = 1.

3 Cf. a similar definition in Rodrigues-Neto (2009).
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For a random variable f, denote

EX(flw)= ) W)W

W €X (w)
A set of random variables f = {f1,..., f,n} is an agreeable bet relative
tor¥ ifforallw € X, Y, fi(w) =0, and E;*(f|w) > O forall i € I.

Note that it follows from the definitions that if (w;,ws) is an ordered
pair of positive states in 7 € ITX that

: ti(wi) _ ti(w) m(m) _ tiwr) ;
8 tr , =2 = = = tr (wy, ,
O o) =) T ) ) () )
from which it further immediately follows that for any chain c of 7 whose
elements are entirely contained in X,

) tr,x(c) = tr,(c).

We need one more definition.

DEFINITION 10. Let 7 be a type space over (£2,II), let X C (2 be a
positive subset of €2, and let f be a random variable. A state w € X is
a surplus state for player i relative to f and 7% if EX(f|w) > 0. In the
context of a sequence f = {fi,..., fmm} of r.v.,, we will say that w is an
1-surplus state if f; is a surplus state for player 7.

PROPOSITION 4. Let T be a type space over (2, I1), let S be a finite
connected subset of positive states in §), and let X C S. Suppose that there
exists an agreeable bet relative to 7. Then there exists an agreeable bet
relative to 7°.

Proof. Let f be an agreeable bet relative to 7%. If X = S, there is
nothing to prove. If X C S, then by the assumption of the connectedness
of S, we can find at least one player 7 and a point w’ ¢ X such that IT;(w’) N
X # (). By the assumption of positivity, ¢;(w’) > 0, and by the assumption
that f is an agreeable bet, every state w € I1;(w’) is an i-surplus state relative
to f.

Denote Y := X Uw', and let € be the (by the i-surplus state assumption)
positive value

(10) ei= Y filw"E W),

w"ell; (w)NX

Next, let f,(w’) be a negative real number satisfying
—(1 -t (w)

(11) 0> fi(w) > () £,
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and for j # i, set f,;(w') == —f;(w')/(m—1) > 0, where m = |I|. Clearly,
by construction, )., f;(w') = 0. Complete the definition of f by letting
fW") = f(w") forallw” € X.

It is straightforward to check that f is an agreeable bet relative to 7.

Now simply repeat this procedure as often as necessary to extend the agree-
able bet to every state in the finite set S. [

We already have enough to conclude that for countable positive type
spaces if there is no common prior then there is an agreeable bet.

PROPOSITION 5. Let T be a type space over (2, II), where ) is count-
able and every state in () is positive with respect to 7. If T has no common
prior then there exists an agreeable bet relative to .

Proof. It suffices to suppose that 7 is connected (if not, we can focus on
each connected component separately).

Since 7 has no common prior, by results in Hellman and Samet (2012)
there is a finite subset S, C (2 such that there is a cycle ¢ entirely con-
tained in Sy satisfying tr(c) # 1. It follows that 7°° has no common prior.
Therefore there is an agreeable bet fy (with | fo| < 1) relative to 750,

Next, let Sy C S; C Sy... be a sequence of finite subsets, S; C (2
for all 7, such that U?io S; = ). By Proposition 4, for each i > 0 there
Exists an agreeable bet f; relative to 75 (with |fi] < 1). For each i, define
fi: Q= Rby

- i(w ifwes;
T ={ 4

0 otherwise

Defining f : @ — Rby f := > "7, fi/2" yields an agreeable bet relative
toT. ]

LEMMA 2. Let T be a type space over (Q,II), and let X be a non-
crossing cycle such that tr(X) # 1. Then there exists a random variable f

that is an agreeable bet relative to 7.

Proof. Write the non-crossing cycle as X = w; B B w2 Wni1 =
wo, Where w1 € I1;, (ws) for s = 1,...,n. Assume without loss of gener-
ality that tr(X) < 1 (otherwise simply reverse the ordering of states in the
cycle). To cut down on notational clutter, write 7, := tr's (w;,, ws11), hence
tr(X) = ryre - - - r,. Furthermore, denote by P the set such that i € P if
and only if 7 is one of ¢y, 79, . . . 7, used in the presentation above of the cycle
X.

We will several times make use of the following simple technical ob-
servation: suppose that 7 is a player, 7 is a partition element of II;, and
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w',w” € 7. Furthermore, suppose that g is a random variable satisfying the
property that g(w) = 0 for all w € 7 such that w # w’, w”. Then:

Ei(g|w') =0 if g(w”) = —tr' (v, w")g(w'),
12 { Bll) >0 ifgle) > —tri( ()
Ei(glw') <0 if g(w”) < —tr' (W, w")g(w').

We now proceed to the construction of an agreeable bet, in stages.

First note that by the assumption that 75 - - - r,, < 1, we may choose a
0, > 1 such that ryry--- 7,0, < 1. We may then further define ¢,,_; such
that 6,, > d,,_1 > 1 and so on, to yield a sequence 9,, > 9, 1 > ... > 0y >
1. Use this to define f by:

L‘l(wl) = -1

Ji (w1 =wni1) =1

fisq(wS) = 0srrg T 1 for2<s<n

713 (Ws) = —0griro - Ts 1 for2<s<n
fiw)=0 for all other w and j.

Using Equation (12) repeatedly (here is also where we use the assumption
that X is non-crossing, which ensures that in each partition element of every
player i there are at most two states at which f; takes on non-zero values)
we deduce that E;_ (f; |ws) > 0for1 < s <n+1.

We still need to ensure that the players who are not in P have posi-
tive expectations at the states participating in X. To do so, note the fol-
lowing: since 79 7,0, < 1, we can choose an &,,; such that 1 —
Eni1 > T - - Tp0y,. Similarly, since for any 2 < s < n, d,rre ... 751 >
Os_1717 . ..Ts_1, We can choose ¢, such that

OgT1To .. . Ts_] — Eg > O0g_1T1T ... Te_1.

At each state in ws € X, therefore, we intuitively can take away a positive
part of the positive value of f;  (w,) and ‘redistribute’ it among the other
players. This enables the following construction:

fi(ws) = ?Z (ws) forl1<s<n
fi i (ws) = Tis_l(ws) — € forl<s<n
filws) =e5/(m — 2) forl1 <s<mn, forjel,j+#isis
filw)=0 for all other w and j.
By construction, f = {fi,..., fm} is an agreeable bet relative to 7%,
which is what we needed to show. [

The following proposition, one half of the no betting characterisation for
finite type spaces, has several proofs in the literature, all of which ultimately
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rely on convex separation theorem, or equivalents thereof. The proof pre-
sented here (building on the previous lemmas) is, in contrast, constructive
and entirely combinatorial.

PROPOSITION 6. Let T be a type space over (2, IT), where € is a finite
state space. If T has no common prior then there exists an agreeable bet
relative to .

Proof. Recalling that in a finite state space every improper prior can be
normalised, and is therefore a proper prior, we may refer to all the previous
lemmas and apply them restricting attention to the special case of common
priors, rather than the more general common improper prior.

Let S C (2 be the set of non-singularly positive states in €2, and (using
Lemma 1) decompose S disjointly as S = UY_, T}, where each T} is non-
singularly positive and connected. By Proposition 3, for each 1 < j < k&,
there is a non-crossing cycle ¢y, contained in T} such that tr(cr;) # 1. By
Proposition 4, there exists f7 = {f{", ..., f,? 7} such that f;(w) = 0 for
allw ¢ Ty and i € I, and f77 is an agreeable bet relative to 777,

Let Z be the set of zero states, and denote by () the complement of
S U Z. Define f€ in stages as follows.

In stage 0, let W be the set of singular states in (). For every w € W}
decompose [ as [ = J U K, where 7;(w) > 0 forall j € J and 7;(w) = 0
for i € K, and choose an arbitrary i’ € K. Then define ¢)(w) = 1/|J| for
every j € J, with ¢%(w) = —1, and ¢?(w) = 0 for all other i € K, i # 7.
Set gP (w) = 0 for all states w not in W, and all players k € 1.

Note, for the rest of this proof, that by definition every state in ) \ W)
is a positive state.

In stage 1, let T/} be the set of all states w € @ \ W) satisfying the
property that there is at least one player i, and a state w’ € W), such that
w € m;(w'). For each w € Wi, choose w' as just described. If ¢;(w’) > 0,
then by construction «’ is an i-surplus state relative to ¢°. Hence we can
apply a process similar to that described in the paragraph preceding and
following Equation 11 to extend ¢° to a function g' such that g} (w) < 0,
but for all j # i, gj(w) > 0, >",; gj(w) = 0, and is a surplus state for all
players.

If ¢;(w') = 0, then note that since w is positive but not contained in any
non-singularly positive set, there must be a chain ¢ = w % w; = - - =
wy, entirely contained in @) \ W, such that there is a player i and a state
w' € X satisfying w,, € m;(w’) and ¢;(w’) > 0. But then we can apply
the same argument as in the previous paragraph to define extend ¢° to g' by
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induction over all the states w,,,w,_1,...,w, yielding a function such that
D ier gj(w) = 0, and is a surplus state for all players.

In all stages [ > 1, in stage [ — 1, a function g'~! has been defined such
that each state w € W;_; is an i-surplus state for every player ¢ relative to
g'~1. Denote by W, the set containing every state w € Q \ W;_; satisfying
the property that there is at least one i € [ and w € W;_; such that ' €
7;(w). Since w is an i-surplus state relative to g'~!, we can again apply the
same technique as in the previous paragraphs to extend ¢~ to g'.

By the finiteness of (), this iterative process ends after a finite number
of stages . Finally, set f@ := ¢", and define

f=fM+ g 4 e
It is straightforward to check that f, by construction, is an agreeable bet.

LEMMA 3. Let (d,)32, be an increasing sequence of integers. Let
(Cn)5e, be a sequence satisfying the properties that each C,, is a non-trivial
cone in R4 and ,,(Cy,1) C C,, where i, is the projection from R+ to
R Assume in addition that for each m > n the projection of C,, to C,, is a
non-trivial cone. Then there exists a sequence of non-trivial cones (C!)%°,
such that C), C C,, and ¢, (C}, ) = C), for all n.

n

Proof For each n define a sequence (C*)> ;. To begin with, set C! =
C,, and then set C5t = o(C%, ). The sets C¥ are closed cones. Moreover,
CHY = 0npnst - @nsr—1(Cpyy), hence CET is the projection of Ciy,
and therefore by the assumption in the statement of the lemma it is a non-
trivial cone. We show by induction that Ck*1 C C* forall k > 1. For k = 1
this holds by the properties satisfied by the sequence (C,,)32 ;. If it holds for
k then, since projection functions preserve inclusion, Ck*! = ¢, (C*_ ) C
©n(CF 1) = CF. Define C!, = Ny>1C¥. As an intersection of a decreasing
sequence of non-trivial closed cones, C/, is a non-trivial cone. Moreover,

On(Cli1) = @(Mk21CF 1) = Niz10n(CE L)) = Mz O = C. n

PROPOSITION 7. Let T be a type space over {2, I1}. There exists a
common improper prior for T if and only if there exists an increasing se-
quence (2,)°, of finite subsets of §) such that U, ), = Q and for each n
there is a common prior for 7.

Proof. Suppose that ;2 is a common improper prior for 7. Choose a
finite subset 2; of Q such that p(€2;) > 0 and then let (£2,)22, be any
sequence of finite subsets of {2 satisfying €2, _; C €2, such that U,,€2,, = ().
We have that £(£2,,) > 0 for all n. Let > be the restriction of y to 7% and
let 7% (w) = pu*(w)/u(Q,) for each w € Q,,. F is clearly a common
prior for 7%,
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In the other direction, suppose there exists a sequence (£2,,)7° , satisfy-
ing the condition in the statement of the proposition. Let d,, = |£2,| and
let C,, be the non-trivial cone of common priors for 7% in R% . Clearly
©n(Chy1) C C, for each n. We show that for m > n the projection of C,,
on C,, is a non-trivial cone. To see this, let i € C,,. If u(€2,,) > 0 then the
projection is straightforwardly non-trivial. If x(€2,) = 0 and p/ € C,, then
w+ p' € C,, and again we have that the projection is non-trivial. Consider
the sequence of non-trivial cones (C) )% ; constructed in Lemma 3. Choose
71 € C}. The pointwise limit of the vectors 7, ©; (1), 5 (¢7 (1)), . . . is
a common improper prior. ]

Proof of Theorem 1(b). Let 7 be a type space over {2, IT}. If Q is
finite, then Proposition 6 suffices. Suppose therefore that €2 is countably
infinite. Applying Proposition 7, let (£2,,)°2 ; be an arbitrary increasing se-
quence of finite subsets such that U, (2, = €. Since we are assuming that 7
has no cip, there must be infinitely many n’s such that there is no common
prior for €2,,. Thus we may assume without loss of generality that for each
n there is no common prior for 7». By Proposition 6, for each n there is
an agreeable bet f” on €2,, bounded by 1. Let f" be the extension of f™ to
all of © defined to be 0 at all points not in f™. Then f = > 27" f” is a
bounded agreeable bet over (2. [

As mentioned in the introduction, putting together the elements of the
proofs in this section yields an algorithm that can be applied in finite type
spaces. The algorithm determines whether the space has a common prior,
by listing the connected non-singularly positive subspaces and checking
whether there is such a subspace such that every non-crossing cycle con-
tained in it satisfies tr(c) = 1 (see Proposition 3). If it does have a common
prior, the algorithm then constructs the common prior, by the method in the
proof of Proposition 2. If the space does not have a common prior, the algo-
rithm constructs an agreeable bet by the method in the proof of Proposition
6, thus finding a sequence of random variables about whose expected values
the players ‘agree to disagree’.

EXAMPLE 7. This simple example illustrates how to compute an ac-
ceptable bet given a knowledge space without a common prior. The space of
states is Q2 = {w, x, y, z}. Player 1’s partition of Q is {{w, 2}, {y, z} }, with
corresponding posteriors {{1/8,7/8}, {4/5,1/5}} and Player 2’s partition
is {{w, y}, {z, z}}, with corresponding posteriors {{1/2,1/2}, {1/4,3/4}}.

The sequence w, x, ¥y, z forms a cycle, with the corresponding type ra-
tios %, %, % and 1. Multiplying them together gives i, hence the type ratio
of the cycle is not equal to one, and therefore this type space has no common
prior, hence there must exist an agreeable bet.
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12 12
w y
@ ®
1/8 4/5
7/8 1/5
® @
X Z
1/4 3/4

FIGURE 6. The knowledge space in Example 7.

To compute an agreeable bet, choose real numbers 1 < d < d3 <
04 < 84. For example, letd, = 2, 63 = 6 and §, = 8. Use these to define
a function f(w) = —1, f(z) = 02 = 2, f(y) := —d323 = £ and
f(z) == 04233 = & = &. {f, —f} is an agreeable bet. ¢

4.5. Unbounded Bets.

DEFINITION 11. Define the graph of knowledge Gy over I1 to be the
following undirected graph (V, E'). The set of vertices V' is the set of states
Q,ie., V = Q. Two vertices wy and w; are connected by an edge in F if
there is a chain of length 1 from wy to ws. ¢

DEFINITION 12. For any state w, define a subtree of knowledge T, to
be a subtree of the graph of knowledge Gy that is rooted at w and satisfies
the property that the path in the tree between w and any of its descendants
w’ is an alternating chain. For every w’ € T,,, denote the set of its children
by ch(w). ¢

A knowledge subtree T' of Gy that satisfies the property that every
branch of T' (which corresponds to a maximal alternating chain) has infi-
nite height is an infinite tree of knowledge.

PROPOSITION 8. If the graph of knowledge Gy corresponding to 11
contains an infinite subtree of knowledge T, then any type space {Q,I1, 7}
over {Q), I1} has an agreeable bet.

Proof. By assumption, there is a rooted subtree 7' C Gy satisfying the
property that every maximal alternating chain in 7" emanating from the root
wy 18 infinite.

Define a bet f in a recursive manner as follows. At step 1, start with
the root, wy, of the subtree of knowledge. All the elements in ch(wy) (the
set of children of wy) are members of the same partition of some player ;.
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Let f;, be defined over all w € ch(wy) in such a way that E;, f;, (w) is well-
defined and positive for all w € ch(wy) U wy. For every j € I, j # iy and
w € ch(wp), let f;(w) = —fi,(w)/(n —1).

At step k, let U;_; be the set of all elements in 7" for which values of
f were defined in stage k — 1. For each w € W, _q, the set of children
ch(w) is non-empty (by the assumption that 7" is an infinite tree), and all
the elements in that set are members of the same partition of some player
ix. Let f;, be defined over all w € ch(wp) in such a way that £, f;, (w) is
well-defined and positive for all w € ch(w) U w. Forevery j € I, j # iy
and W’ € ch(w), let f;(W') = —f;, (W) /(n — 1).

After a countable number of such steps, f = {fi,..., f.} is an agree-
able bet relative to 77. An application of Proposition 4 completes the proof.
]

COROLLARY 3. If a knowledge space {2, I1} contains an infinite alter-
nating chain, then any type space {0, I1, 7} over {Q, I1} has an agreeable
bet.

Proof. An infinite alternating chain is an infinite tree of knowledge. ®

Proof of Theorem 2. An infinite alternating chain can always be de-
fined within the subset of states contained in partition elements that are of
cardinality greater than 1, if that subset is infinite. [

Finally, the following example shows that if the condition in Theorem 2
does not hold, an agreeable bet may not exist.

EXAMPLE 8. The state space €2 is the set Z of all the integers, i.e.,
{..,—2,-1,0,1,2,...}.

There are two players, with partitions

n ifn <0
Hl(”):{io,}m,...} ifn;)

and
| {n} ifn >0
Ma(n) = { {0,-1,-2,...} ifn<o0
Player 1|... | =3] =2 | =1 0 1 2 3
Player2|... -3 —2 -1 0] 1] 2]3 ]

FIGURE 7. The partition profile of Example 8.

Let p be any arbitrary common prior from which a type space over this
partition profile is derived.
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There is no bounded or unbounded agreeable bet. For suppose that f is
an agreeable bet. Then:

(1) since E; f(n) > 0 for n < 0, it must be the case that f(n) > 0 for
n <0

(2) since Fyf(n) < 0 for n > 0, it must be the case that f(n) < 0 for
n >0

It remains to determine the sign of f(0). Butif f(0) > 0, then E> f(0) >
0, and if f(0) < 0, then E; f(0) < 0. This is a contradiction. ¢

5. Iterated Expectations, Countable Spaces,
and Common Priors

5.1. Markov Theory Preliminaries.

We recall some basic concepts and results from Markov theory. Let M
be a Markov matrix over a state space ¢ that is either finite or countable.
Fix an ordering of the elements of {2 as {w1,ws, .. .}.

States w; and w; communicate if there are k, m > 0 such that M*(w;, w;) >
0 and M™(w;,w;) > 0. This relation partitions the state space into equiv-
alence classes. M is irreducible if all the states communicate. A state w;
is said to have period d if M*(w;,w;) = 0 whenever k is not divisible by
d, and d is the largest integer with this property. A state with period 1 is
aperiodic. Every pair of communicating states have the same period, hence
an irreducible Markov matrix has a well-defined period.

A state w; 1s called recurrent if
(o]
Z M*(w;, w;) = 0.
k=0

Otherwise the state is called transient. Every pair of communicating states
are either both recurrent or both transient, have we can categorise irre-
ducible Markov matrices into recurrent and transient matrices.

An irreducible aperiodic Markov matrix is called null recurrent if it is

recurrent and for every pair of states w;, w;

lim M*(w;,w;) = 0.

k—o00
If M is recurrent but not null recurrent then it is called positive recurrent.
Denoting

T k

(13) vi = lim M"(w;, w;),

k—o00

M 1is positive recurrent if and only if 7; > 0 for all . If M is irreducible,
aperiodic, and positive recurrent it is termed ergodic.
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A measure p € QF satisfying ;o > 0 is an invariant measure of M if it
is a left eigenvector of M, i.e. uM = pu, or equivalently for each state w’:

pl) = 3 () M, ).

we

If 1 1s an invariant measure and also satisfies the property that it is nor-
malisable, i.e. Y ., pu(w) < oo, then it is termed an invariant probability
measure.

The following are well-known results in Markov theory:

(1) If M is recurrent then it has an invariant measure that is unique up
to scalar multiplication.

(2) M has a unique invariant probability measure if and only if M is
ergodic.

(3) If M is ergodic, then the measure 7 given by 7(i) = v; > 0 (where
~; 1s defined in Equation 13) is the unique invariant probability
measure.

(4) If M is irreducible, aperiodic, and recurrent, then limy,_,, M* ex-
ists. If M 1is ergodic, then

lim M* =1Tr.

k—o00

If M is null recurrent, then limy,_,.. M* = 0.

5.2. Iterated Expectations and Common Priors over Countable State
Spaces.

This section clearly owes a large debt to Samet (1998a), and most of
the proof ideas are taken from that paper. The need to distinguish between
null recurrent and positive recurrent classes, however, adds subtleties that
are not present in the finite state space.

PROPOSITION 9. Let o be a permutation of I, and let P € NI be an
element of the meet. Then P is an irreducible, aperiodic, and recurrent
class of M,. Thus, M? has a unique (up to scalar multiplication) invariant
measure ut on P.

Proof. Let i € I, and let w,w’ € P € Il,(;). Then
Ma(w7 wl) > Mo(l) (w7 w) T Ma(i—l) (w7 W>Ma(i) (w7 wl)
XMO—(iJrl) ((JJ/7 w’) s Mo(n) (CL)/, w/).

Therefore, any two states in the same element of a partition of an arbitrary
player communicate. Hence, if w is in an equivalence class of states, then
I1;(w), for each 4, is a subset of this class. This means that each class is a
union of elements of AIL Also, for each P € AII, the probability of w € P
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staying in P under M, is 1, and therefore P is an irreducible equivalence
class. That the Markov matrix M, is aperiodic and recurrent follows from
the fact that M, (w,w) > 0 for every state. ]

COROLLARY 4. Let o be a permutation of I, and let P € N1l be an
element of the meet. If P is a positive recurrent class of M, then MY has
a unique invariant probability measure 1% ]

PROPOSITION 10. The following conditions are equivalent for each
P e NI:

(1) pis the common prior on P.

(2) p is the invariant probability measure of ML for every i € I.

(3) The permutation matrix MY is ergodic for every permutation o,
and p is the invariant probability measure of MY .

Proof. With slight abuse of notation, write M; in place of M} through-
out this proof, for ease of exposition.

That (1) and (2) are equivalent is straightforward. To see that (2) implies
(3), note that if p is an invariant probability measure of M, for every 4, then it
must also be an invariant probability measure of M, for every permutation
o. But M, has an invariant probability measure if and only if it is ergodic.

Next, suppose that (3) is true and let p be the invariant probability mea-
sure of M,, := MM, - -- M, that exists by (3). Then
pMi My --- M, = p.
Multiplying M, from the right by M/, yields
pMi My - - - My My = pM;.
It follows that p M, is an invariant probability measure of
My, = My--- M, M.

However, by (3), p is also an invariant probability measure of M,,, and
by Corollary 4, each permutation matrix over restricted to P has a unique
invariant probability measure. Hence pM; = p, and similarly, pM; = p for
eachi € [. ]

Proof of Theorem 3. Since E* f = M* f for each f and k,
lim E%f = lim M"f.
k—o0 k—o0
As M, is recurrent for each o by Proposition 9, limy,_,, M fj exists.

If 7 has a common prior, then by Proposition 10, M, is ergodic for
each o, and therefore lim;_,., M C’f = Ip,, where p,, is the unique invariant
probability measure of M. But by the common prior assumption, p, = ¢
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for all 0. Furthermore, ¢ > 0, hence the iterated expectations of f with
respect to all permutations converge to the same non-zero limit pf.

In the other direction, suppose that for each bounded non-zero random
variable f > 0, the iterated expectations of f, with respect to all permuta-
tions o, converge to the same non-zero limit. Then it cannot be the case that
limy,_ oo M (f = 0, hence M, is ergodic. It follows that limy_., Mﬁ = Ip,,
where p, is the unique invariant probability measure of M, and therefore
the iterated expectation of every f with respect to o converges to p, f. By
the assumption that p, f is the same for all permutations o, there is a single
p, p = p, for all o, such that p is the unique invariant probability measure
of M,. We conclude from Proposition 10 that p is the common prior. [

Theorem 3 provides a characterisation of common priors in countable
spaces using the iterated expectations criterion. That criterion cannot be
used for identifying common improper priors in cases in which a common
prior does not exist; by Proposition 10, if there is no common prior, then for
at least one permutation o, the permutation matrix M7 is not ergodic. This
in turn means that M f must be null recurrent, hence lim;,_, ., M C’f =0.

6. Appendix

Proof of Lemma 1. Suppose that S C (2 is non-singularly positive, and let
wo € S be chosen arbitrarily. Suppose that wp is connected to w;, by a positive

chain ¢ = wy X w1 st wp,. Since wy is in S and w; is in the same partition
element of player ¢ as wp, by Definition 6, w; must also be in S, and continuing the
same argument by induction, we conclude that all the elements in ¢ are members
of S. |

Proof of Proposition 2. Suppose that there exists a common improper prior
pfor7. Let S = {w € Q|p(w) > 0}. S is guaranteed to be positive, because
p # 0. We next show that S is non-singularly positive: Suppose that for arbitrary
i€landw € S, w € II;(w). Furthermore, suppose that w’ ¢ S. Then p(w') = 0,
while p(w) > 0. Hence p(IL;(w)) > 0, and by the definition of an improper prior,

p(w’)
p(IL;(w))

It follows from Definition 6 that S is non-singularly positive.

ti(W) = =0.

To complete this part of the proof, note that for any pair of states wi,ws € S
such that wy and ws are in the same element of II; for some ¢z € I, tri(wl, wo) =
p(w1)/p(w2). It then easily follows from the definition of the type ratio of a chain
that for any chain c entirely contained in S and connecting wgy and w, one has

trr(c) = p(wo)/p(w).
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Conversely, suppose that 2 has a non-singularly positive subspace .S with re-
spect to 7, and that for each wy and w in S, any pair of chains ¢ and ¢’ entirely
contained in S connecting wy to w satisfy tr;(c) = tr;(¢’). Using Lemma 1, we
may assume that S is connected (replacing .S by a connected subset of itself if
necessary).

We will construct a cip p. For w ¢ S, set p(w) = 0. Otherwise, fix wp € S and
for each w € S, let p(w) = tr(c) for some chain ¢ from wy to w contained in S.

To see that p is a cip consider 7 € II;. Suppose first that 7 NS = (). Then for
all w € 7, p(w) = 0, hence p(7) = 0, and p(7)t;(w) = p(w) is satisfied.
Suppose instead that 7 NS # (), and that w € 7 N S. Let ¢ be a chain from

wp to w entirely contained in S. For w’ € m N S, consider the chain 'c’ =c 5
w’. Then, by the definitions of tr and p, p(w') = tr(c) = tr(c)tr’(w,w’) =
p(w)ti(m,w)/ti(m,w). Thus,

p(r)= Y pw)=p@)/ti(mw)] Y timw) =pw)/tir,w) < oo

w'emnS w'enrNS

p(w) = p(m)ti(m,w).

Finally, suppose that 7 NS # (), and that w € 7 is such that w ¢ S. By
construction, p(w) = 0, and by the assumption that .S is non-singularly positive, it
must be the case that ¢;(w) = 0. We have already shown that p(7) < oo, hence
p(m)ti(w) = p(w) is satisfied. [

Proof of Corollary 2. It suffices to note the following: suppose that ¢; and c
are two distinct chains entirely contained in S connecting a pair of states w and w’.
Then @ := ¢, ! is a cycle connecting w to itself. By Equation (6), tr(c;) = tr(cz)
if and only if tr(¢) = 1. [

Proof of Proposition 3. If there exists a cip, then by Corollary 2, there is a
non-singularly positive S C € such that every cycle contained in .S has type ratio
equal to 1, hence in particular every non-crossing cycle satisfies the same property.

In the other direction, if there does not exist a cip, then for every non-singularly
positive S C €, there is at least one cycle ¢ entirely contained in S such that
tr(¢) # 1. Suppose that ¢ is not non-crossing.

If ¢ fails to be non-crossing because it is not alternating, this ‘flaw’ can easily
be corrected: if two consecutive states w, and ws41 in € are identical, since that
implies that tr’ (ws,wst1) = 1, the state wy1 is redundant and can be removed
from ¢ without changing the type ratio. Similarly, if wg, Ws41, Ws+2 and wg3 are
consecutive states that are all members of the same partition element of player ¢,
then tr(ws, wsy1)tr? (Ws12, ws13) = tr'(ws, wsi3), hence we may remove ws i1
and wg49 from ¢ without changing the type ratio.

We will therefore assume that ¢ is alternating but not non-crossing, and that we

. i i in—1
can then write ¢ = wy —% w1 — -+ — wp = wg, where ws1 € II;, (ws) for
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s =0,...,n — 1, where there exists at least one pair 7, k such that £ > r 4+ 1, and
wg € IL;, ().
We can ‘shorten’ ¢ into another cycle:

/c\:wogwlg...wrgwkiw'lglwn:wo.

If tr(c) # 1, then we have a cycle of type ratio not equal to 1, with a number of
self-crossing points that is strictly less than the number of self-crossing points in ¢,
and we can continue by induction to apply the same process to tr(c).

Suppose, therefore, that tr(¢) = 1. Denote:

; ; i
co=wp 3w B 5w,

i Tk41 in—1
ck:wkﬁwkﬂ s Wn,
and
i Trg1 Th—1
Cl=Wr = Wpt1 — *°° — Wk

Then ¢ = ¢y, and € = cp(wy, wi)ck. By assumption,
1 = tr(@) = tr(co)tr' (wy, wi)tr(cy).
It follows that [tr'" (w,, wi)] ™! = trir (wp,w,) = tr(co)tr(ck). We also assumed
that tr(¢) # 1, so 1 # tr(cocier) = tr(co)tr(cg)tr(c) = tr' (wk, wy)tr(c).
Writing out the last inequality in full yields

tr(wg Y Wy Y Wrt1 RACINN e wg) # 1.

But by Equation 7, tr(wy, w0, 5 wr1) = tr(wg LS wr+1), hence
; i i
tr(wp = w1 RASIIN wk) # 1.

We deduce then that the cycle ¢ = wy I Wr+1 RA wy, satisfies both that
tr(¢) # 1, and that it has a number of self-crossing points that is strictly less than
the number of self-crossing points in ¢. We can continue by induction to apply the
same process to tr(¢).

After applying this reasoning as often as necessary, we arrive at the existence

of a cycle entirely contained in .S with no self-crossing points, i.e., a non-crossing
cycle, whose type ratio is not equal to 1, which is what we needed to show. |
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CHAPTER 5

A Game with no Bayesian Approximate Equilibrium

Abstract

R. Simon (2003) presented an example of a 3-player Bayesian games
with no Bayesian equilibria but has been an open question whether or not
there are games with no Bayesian approximate equilibria. We present an ex-
ample of a Bayesian game with two players, two actions and a continuum
of states that possesses no Bayesian approximate equilibria, thus resolving
the question. As a side benefit we also have for the first time an an example
of a 2-player Bayesian game with no Bayesian equilibria and an example
of a strategic-form game with no approximate Nash equilibria. The con-
struction makes use of techniques developed in an example by Y. Levy of a
discounted stochastic game with no stationary equilibria.
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A Game with no Bayesian Approximate Equilibria

1. Introduction

One of the seminal contributions of Harsanyi (1967) was the analysis
of Bayesian games for studying games of incomplete information, which
included showing that every finite Bayesian game (finite number of play-
ers, finite actions, finite states of the world) has a Bayes-Nash, or Bayesian,
equilibrium. The fact that modellers could safely assume the existence of at
least one equilibrium was undoubtedly an element in the widespread accep-
tance of Bayesian games in modelling a wide range of economic situations.
Indeed, at this point it is impossible to imagine modern game theory and
economic modelling without the theory of Bayesian games.

The question of the existence or non-existence' of Bayesian equilibria
in games with uncountably many states, however, remained open for many
years, until Simon (2003) gave a negative answer by presenting an example
of a three-player Bayesian game with no Bayesian equilibrium.

That important result left in its wake (at least) two open questions: (1)
are there examples of games that have no Bayesian c-equilibria?; (2) are
there examples of two-player games that have no Bayesian equilibria? In
particular, a negative answer to the first question would imply that mod-
ellers could always assume that Bayesian equilibria can be approximated as
closely as desired in games with uncountably many states, thus significantly
weakening Simon (2003)’s result,

We show here, however, that the answer to both questions is yes by con-
structing a two-player Bayesian® game with no Bayesian c-equilibria. As
a side-benefit, the example also shows that there there exist strategic-form
games with a continuum of players and no Nash e-equilibria® and that there

! By the existence of an equilibrium we mean the existence of a measurable equi-
librium. There are several reasons for restricting attention to measurable strategies (and
hence measurable equilibria); to consider just two reasons, if a strategy is not measurable
it cannot be constructed explicitly, and the payoffs of non-measurable strategies haven’t got
well-defined expected values. Measurability has in fact been included as a basic require-
ment in the definition of an equilibrium over uncountable spaces since the earliest literature
on the subject (see Schmeidler (1973) for one such example). We therefore throughout this
paper use the term ‘existence of an equilibrium’ as synonymous with ‘existence of a mea-
surable equilibrium’ without further qualification.

% The game constructed here is not only a Bayesian game, it is an ergodic game as
defined in Simon (2003).

3 This result does not contradict the result in Schmeidler (1973), which assumes that
no deviation from equilibrium undertaken by a finite number (or even a measure zero set) of
players can affect payoffs; we do not assume that here. Sion and Wolfe (1957) presents an
example of a finite-player game with no equilibrium, but the example there assumes each
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exist two-player Bayesian games with no Harsdnyi equilibria (meaning ex
ante Nash equilibria over the common prior of a Bayesian game), which
had also been open questions.

We make extensive use of techniques developed in Levy (2012) in his
paper on stochastic games without stationary Nash equilibria. The fact that
these techniques have now been shown to be useful for generating counter-
examples in separate subject fields (stochastic games and Bayesian games)
may indicate that they have potential application in many other fields of
Interest.

The significance of counter-examples to the existence of equilibria and
approximate equilibria such as the example here (and those in Simon (2003)
and Levy (2012)) is that they serve as a sharp warning signal to modellers:
although you routinely assume the existence of equilibria when you work
with finite games, you cannot automatically do so in games with an un-
countable number of states. A large percentage of economic models rely on
the use of uncountably many states to represent quantities such as prices (as
in models of auctions or bargaining, such as that of Chatterjee and Samuel-
son (1983) for example), profits and outputs in market models (for example
Radner (1980)), time, accumulated wealth or stocks, population percent-
ages, share percentages, and so forth.

In addition, an extensively-used approach to dealing with a Bayesian
game with a finite but large number of states is to analyse instead a similar
game with a continuum of states. Myerson (1997), for example, informs
readers of Chapter 2 of his textbook on game theory, when referring to
Bayesian games, that “it is often easier to analyze examples with infinite
type sets than those with large finite type sets.” Given this, it is important
for modellers working with Bayesian games with uncountably many states
to keep in mind that they cannot blindly rely on the well-known results
in finite games guaranteeing the existence of equilibria and approximate
equilibria.

2. Preliminaries and Notation

2.1. Information Structures and Knowledge.

A space of states is a pair (€2, B) composed of a set of states €2 and a
o-field B of measurable subsets (events) of ().

We will work throughout this paper with a two-element set of players /.
The two players will be denoted by Player /Zed and Player GGreen (with cap-
italised initial letters). An information structure over the state space (2, B)

player has a continuum of actions while we assume that each player has a finite action
space.
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is then given by a pair of partitions of (2 labelled I1; and I, respectively,
of Player Red and Player GGreen. For ¢ € I and for each state w € ) we
denote by II;(w) the element in II; that contains w. Furthermore, denote by
I['; the sub-o-algebra of B generated by II;.

2.2. Types and Priors.

A type function t; of player i for (2, B, (I;);c;) is a function ¢; : Q —
A(Q) from states to probability measures over (2, B) such that the mapping
t;(-) satisfies:

(1) t;(w)(E) is measurable for any fixed event F,
(2) ti(w)(T(w)) =1,
(3) ti(w) = t;(w') forall ' € II;(w).

For each w, t;(w) is called player ¢’s type at w. Therefore, a quintuple
(1,9, B, (I1;);er, (t;)icr), Where each t; is a type function, is a type space.

A probability measure p; over (£2, B) is a prior for a type function ¢; if
for each event A

(14) () = / (@) (A) dps(w).

A probability measure p that is a prior for each of the players’ type function
in a type space is a common prior.

2.3. Agents Games.

Recall the definition of the agents game K associated with a Bayesian
game B: K is a strategic-form game whose set of players, which is a mea-
surable space, has a (measurable) bijection 7 with the the set of all types of
all the players in B. The action set of each player 6 in K is equal to the
action set of the player j in B associated with 7(6), and the payoff to player
@ for an action profile is the corresponding expected payoff of j at 7(f).
Every strategy 7,@ of B is naturally associated in this way with a strategy v
in K.

The analysis of the equilibria of a Bayesian game B can be accom-
plished by analysing the associated strategic-form game K in the sense that,
for any € > 0, the strategy ¢ in K is a (measurable) Nash e-equilibria if and
only if 1& is a (measurable) Bayesian ¢-equilibria in B.

3. Constructing the Bayesian Game

We define in this section an ergodic game B that we will eventually
show possesses no Bayesian e-equilibrium.
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3.1. The State Space.

Let X be the set of infinite sequences of 1 and —1,i.e. X := {—1,1}%>0,
A generic element z € X is a sequence xg, x1, T2, . . ., Where we denote the
t-th coordinate of x by z;.

Next, define the following two sets:
red ={r} x X
and
green = {g} x X,

that is, a generic element of red is (7, zo, x1, T2, .. .) and a generic element
of green is (¢, g, T1, T2, . . .).

Our state space is () := red U green. The measure p we will work
with over € gives each of red and green the Lebesgue measure over X and
independently gives equal probability to red and to green.

NOTATION 1.
e Denote by ¢ the operator on (2 defined by
u(r, xo, 1, X2, ...) = (r,—1- 20,21, 22, . ..)

L(!J,xo,%l,@, .- ) = (.% —1- g, 21,22, .. )

Note that ¢ is colour-preserving.
e Denote by S the operator on (2 defined by

S(r,xo, 1,22, ...) = (9,71, 22, T3 . ..)

S(g,xo, x1,Ta,...) = (1,21, T2, T3 ..).

S is the product of the measure preserving involution r <> ¢
and the Bernoulli shift, which is well-known to be measure pre-
serving,* hence S is measure preserving. Denote

S;l(r, T, X1, T2, .. .) = {(g, 1, 20,21, 22,...)}
and
S~Hr, 2o, 21,20, ...) = {(9,—1, 20, T1, T2, ...)}

with the same operator defined for S;l(g, To,...)and S~ (g, o, . . .
with the colours reversed . Then S~ (w) = S7'(w) U SZ'(w),
hence it maps each point to two points,

4 See, for example, Halmos (1956).
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3.2. The Knowledge Partitions and Type Functions.
We next define the partitions of Player Red and Player Green.
A generic element of I is of the form

{(7',331,3:2,;83,...), (9717x17x2a"-)a (97_17x17x27"')}
A generic element of I, is of the form
{('(],1'1,1'2,373,...), (7'717‘1.173327"')7 (7‘7_171.171;27"')}

Another way of expressing this, using the above-defined operators, is:
If w is a red state then

g(w) = {w, t(w), S(w)}
Mp(w) = {whu S H(w)
If w is a green state then the partition elements are exactly the same
with colours reversed

Mr(w) = {w, t(w), S(w)}
Ho(w) = {wusS(w)
To complete the description of the types, all that’s left is to give the
probabilities, which for all partition elements are:
1 1 1
4 4 2
{w, tw), S(w)}
In words, the type function of Player GGreen, t¢, ascribes 1/2 to the
green state in each of Player GGreen’s partition elements and 1/4 to each of
the red states in his partition elements. The type function of Player Red,

tr, ascribes 1/2 to the red state in each of Player Red’s partition elements
and 1/4 to each of the green states in her partition elements.

LEMMA 4. The functions tp and t.; satisfy the conditions for being type
functions with . as their common prior.

The proof of Lemma 4 is in the appendix.

3.3. The Game Forms.

The action set we will work with is identical at every state for both
players: AY, = A% = {U, D}, forallw € Q.

The payoff functions are more complicated. Let p.; be Player Green’s
payoff function and py be Player Red’s payoff function, i.e.,

popr s Qx {U, D} x {U, D} = R.
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e Forall w € red, pi(w,-,+) = 0, and similarly for all w € green,
pR(W, K ) = 0.

In words, at red (respectively, green) states, Player Green (re-
spectively, Player Red) gets payoff 0 no matter what actions are
played by him or the other player; strategically, Player G'reen (re-
spectively, Player Red) can ignore the red (respectively, green)
states.

e Forw € green, po(w, -, -) is given in Table 1, where Player G'reen
is row and Player 7ed is column.

Note that this means that Player (Green cannot strategically
ignore the green states. Since each of his partition elements con-
tains both green and red states, he will focus his attention at each
partition element on what might occur at the green state.

If o = 1: If xg = —1:
U | D U | D

Ul 110 Ul0.7]0.7
D [0.3]0.3 D| 1] 0

TABLE 1. The payoff matrix.

e For w € red, pr(w,-,-) is also given by Table 1, but now Player
Red is row and Player G'reen is column.

Note that this means that Player Red cannot strategically ig-
nore the red states. Since each of her partition elements contains
both green and red states, she will focus her attention at each par-
tition element on what might occur at the red state.

This completes the construction of the Bayesian game B.

3.4. Reduction to an Agents Game.

In the agents game, each type becomes an agent. A type of Player Red
has the form

{(r,zo,21,22...), (9,1, 20,21,...), (9,—1,20,21,...)}

We can therefore uniquely identify this type of Player Red by the state
(r,zo, 1,22 ...), and in this way we identify {I1z(w)}ueq With r x X
Hence we can consider Player Red’s agents to be the set of red states and
by the same reasoning, we can consider Player Green’s agents to be the set
of green states.
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Formally, we have a bijection 7 between (2 and the collection of types
{IIr(w) fwea U {Il(w) }ueq as follows:

[ Hx(w) ifw € red
(15) n(w) = { I (w) if w € green.

To form the agents game K corresponding to B, we use this bijection.
Abusing notation, we will use w to identify both the state and the agent
associated with that state. We will use the same measure p over (€2, 3) in
both B and K. The agents in K all share the same action set, A, = {U, D},
hence each strategy profile ¢ of K is given by ¢ : Q@ — A({U, D}).

The definition of the mixed strategy profile 1& in B associated with a
mixed strategy profile v in K explicitly gives

o) :{ di(w)  ifwis odd

Uo(w)  ifwis even.

In moving from the Bayesian game B to the agents game K, the payoff
functions p¢; and pr of B induce payoff functions

uy : {U, D} x {U D} = R

of K (one for each agent w). The payoff function u,, of each agent w de-
pends only on the action a(w) chosen by agent w and the action a(S(w)) of
agent S(w); in effect, each agent w perceives himself or herself as playing
a game against S(w).

To see this, consider for example Player Red’s perspective when the
true state of the world is a green state w. The relevant partition element
for Player Red is [Iz(w) = {w,t(w),S(w)}. By construction, S(w) is
a red state and is the only red state in S(w). Since Player Red’s action
choice can lead to a non-zero payoff for him only at S(w), for calculating
his expected payoff at I1;(w) he needs only to take into account the state of
nature associated with S(w) and accordingly to plan a best reply to Player
G'reen’s actions at S(w). Similar considerations then imply that at S(w)
Player GGreen need only plan a best reply to Player Red’s action at S (w),
and so forth.

The payoff function in the agents game is then given by the matrices of
Table 2 at each w, where the row player is w and the column player is S(w).

3.5. Observations on Equilibria in K.

Since there is an equivalence between the Bayesian e-equilibria of a
Bayesian game and the Nash e-equilibria of the associated agents game, and
in addition every strategy profile of the Bayesian game is measurable if and
only if its associated profile of mixed strategies in the agents game is also
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If[EOZ 1: If[IZ'UZ—L
U | D U | D

uvj 110 U0710.7
D |03]0.3 D| 110

TABLE 2. The payoff matrices in the agents game, where
the row player is w and the column player is S(w)

measurable, for showing that there is no measurable Bayesian e-equilibrium
in B it suffices to show that there is no measurable Nash e-equilibrium in
K.

From here to the end of the paper, fix the following values
0<e< ! d=10e < !
< —=;0=10e < —-.
50 5

Assume, by way of contradiction, that there exists a measurable Nash e-
equilibrium in K denoted by .

DEFINITION 13. An agent w € 2 is U-quasi-pure (respectively, D-
quasi-pure) if under 1) he plays U with probability greater than 1 — ¢ (re-
spectively, less than ¢).

Denote
=y = {w | wis U-quasi-pure},

Ep = {w | wis D-quasi-pure}

and

Zy = Q\ (v UED).

LEMMA 5. If S(w) is quasi-pure under 1) then so is w (i.e., S(w) €
(Ev U Zp) implies w € (Zy U Zp)). If the former is a-quasi-pure (for
a € {U, D}) then the latter is as well if and only if vo = 1 (i.e., if S(w) € 2y
then w € Zy only if xg = 1 and similarly if S(w) € Zp, then w € Zp only

if v = 1).

Proof. The proof is identical to the proof of Lemma 3.3.4 in Levy (2012).

The intuition behind the proof is as follows: a careful analysis of the ma-
trices in Table 2 shows that under an e-equilibrium if S(w) is quasi-pure
then w will want to ‘quasi-match’ iff zp = 1 and to ‘quasi-mismatch’ iff
To=—1.1
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LEMMA 6. For all w € €, at least one of the two states in S~ (w) is in
=y or Zp (even if w itself is not quasi-pure).

Proof. The proof is identical to the proof of Lemma 3.3.5 in Levy (2012).
The intuition behind the proof is as follows: if S(w) plays U with proba-
bility greater than 2/5 then if xyp = 1 agent w will ‘quasi-match’ and play
U with probability greater than 1 — §. If agent S(w) plays U with proba-
bility less than 3/5 (i.e. plays D with probability greater than 2/5) then if
xo = —1 agent w will ‘quasi-mismatch’ and play U with probability greater
than 1 — §. But agent S(w) must play U with probability greater than 2/5 or
less than 3/5 (or both). [ |

3.6. Nonexistence of c-Equilibria.

THE MAIN THEOREM. The game B has no Bayesian s-equilibria.

Proof. Although the following statement does not appear as an explicit
theorem in Levy (2012), it is in effect what is proved by putting together the
results Lemma 4.0.8, Lemma 4.0.9 and Proposition 4.0.10 of that paper:

Let ' be a finite set and 7 be a permutation of F'. Denote © := X X
F' and let S denote the measure-preserving operator defined by the cross
product of the Bernoulli shift operator and 7 over ©. Then there cannot
exist a decomposition of © into three disjoint measurable subsets =p, =y
and =), satisfying

(1) © ==p UZy U= up to anull set;
(2) Lemma 5;
(3) Lemma 6

But this is exactly the situation we have developed for K. This is a
contradiction. If K has no Nash e-equilibrium then B has no Bayesian
e-equilibrium. [

3.7. Robustness to Perturbations.

For € > 0, an e-perturbation of a Bayesian game B is a Bayesian game
B’ over the same type space and action sets, with a set of payoff functions
vy satisfying |0y — uy|| < e foralli e [.

Fixing a game B’ that is an e-perturbation of the ergodic game B defined
above, it is straightforward to show that the inequalities that are essential for
the proofs of Lemmas 5 and 6 continue to hold with respect to the agents
game of B’ (we need to restrict to ¢ because if we perturb a payoff from 0
to —e agent w can still concentrate only on the actions of S(w) and ignore
the other states in calculating an -best reply). We therefore immediately
have the following corollary.
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COROLLARY 5. For sufficiently small €, an e-perturbation of the game
B has no Bayesian c-equilibria.

A similar result holds for sufficiently small perturbations of the posterior
probabilities defining the types ¢ and ;.

4. End Remarks

An Harsanyi e-equilibrium of a Bayesian game with a common prior
is a profile of mixed strategies W = (W,);c; such that for each player ¢ and

any unilateral deviation strategy V,,

@) du@) > [ @), ¥i) du(e) =

Q

Simon (2003) shows that the existence of a measurable O-Harsdnyi equi-
librium implies the existence of a measurable 0-Bayesian equilibrium. How-
ever, this result is known not to hold for € > 0. The example in this paper
does not, therefore, imply that there is no Harsanyi e-equilibrium. We leave
the open question of whether or not there are examples of games that have
no measurable Harsanyi e-equilibria for future research.

Furthermore, in the example here there is incomplete information on
both sides: if we define the colour and value of xy to comprise the state
of nature at a state of the world w then neither player knows the true state
of nature. Because of this ignorance of the state of nature and the way the
payoff matrices are defined in Table 1, neither player ever knows the true
payoffs.

This contrasts with the example in Simon (2003), where there is incom-
plete information on one and a half sides (that is, one player always knows
the true payoff relevant data but not always what the other players might
know) and by construction players know their own payoffs at each state. It
is presently unknown whether an example can be constructed of a game in
which players know their payoffs at each state but the game has no Bayesian
e-equilibrium.

5. Appendix

Proof of Lemma 4. By construction, ¢;(w)(Il;(w)) = 1 for all w and t;(w) =
ti(w') for ' € II;(w). Two more items need to be checked: that for each event A,
ti(w)(A) is measurable and that pu(A) = [, t;(w)(A) du(w). We will prove these
for i = R, with the proof for ¢ = (& conducted similarly.
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For the rest of this proof, denote by 1 4(w) the indicator function that returns 1
ifwe Aand Oif w ¢ A. Fix an event A. Then:

tr(w)(A) =
{ 21a(w) + 2143i(w)) + 214(S(w)) ifw € green
114(ST W) + 314(S7Hw)) + 21a(w)) ifw e red
from which we conclude that ¢ (w)(A) is measurable.
Next, we divide up A as follows:
Ay :={w e A|w € green and 1(w), S(w) ¢ A},
Ay :={w e A|w € greenand 1(w) € A, S(w) ¢ A},
As :={w € A|w € green and 1(w), S(w) € A},
Ay ={w € A|weredand S (w) C A},
As:={wc Alwcredand STH(w)NA#D, S (w) ¢ A}
U{we A|w € greenand S(w) € A, 1(w) ¢ A},
Ag :={w € A|w € redand S~ (w) C A}
The sets (A;) are all dlSJOlnt from each other. The proof proceeds by showing
that u(A;) = [tr(w du(w) for each 1 < j < 6, which is straight-forward

but tedlous We show how it is accomplished in two of the cases, trusting that the
technique for the rest of the cases will be clear enough.

Case A;. Define B := Ay U (A1) US(A; Ui(A1)). By the measure-preserving
properties of ¢ and S, one has p(¢(A1)) = u(A1) and

n(S(Ar U (A1) = p(Ar U (Ar)),
hence p(B) = 4u(A7). On the other hand,

[ tnan) autw) = [ ()0 du) = [ dute) = u(B)/4

leading to the conclusion that [, ¢ g(w)(A1) du(w) = p(Ar).

Case As. Define C' := A5U(t(AsNgreen)). Using similar reasoning as in the pre-
vious case, relying on measure-preserving properties, one deduces that
1(C) = 3 As. On the other hand,

| () ds) du) = [ o)A dute) = [ 5 dute) = Ju(C)

hence [, tr(w)(As) du(w) = p(As). ]
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