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ARTICLE INFO ABSTRACT
Article history: To answer the question in the title we vary agents’ beliefs against the background of a
Received 30 November 2007 fixed knowledge space, that is, a state space with a partition for each agent. Beliefs are

Available online 31 August 2011 the posterior probabilities of agents, which we call type profiles. We then ask what is the

topological size of the set of consistent type profiles, those that are derived from a common
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DS2 prior (or a common improper prior in the case of an infinite state space). The answer

D83 depends on what we term the tightness of the partition profile. A partition profile is tight
if in some state it is common knowledge that any increase of any single agent’s knowledge

Keywords: results in an increase in common knowledge. We show that for partition profiles that are

Common prior tight the set of consistent type profiles is topologically large, while for partition profiles

Common knowledge that are not tight this set is topologically small.
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1. Introduction

Ever since the introduction of games with incomplete information by Harsanyi (1967-1968), the assumption that players’
posterior beliefs in models of differential information are derived from a common prior has been ubiquitous in the literature.
It plays an essential role in the no agreements theorem of Aumann (1976) and in the no trade theorems that followed. It
is also a basic building block of the solution concept of correlated equilibrium which was interpreted by Aumann (1987)
as the expression of common knowledge of rationality. As pointed out in that paper, the assumption of a common prior,
also known as the Harsanyi doctrine, is pervasively “explicit or implicit in the vast majority of the differential information
literature in economics and game theory”. Despite its pervasiveness, the justification and the use of the common prior
assumption was, and still is, debated and challenged (see Gul, 1998 and Aumann, 1998).

The special interest in the common prior assumption leads naturally to the question how restrictive an assumption it
is, or equivalently, how common common priors are. We study this question in a general model of differential information
that has two parts, a knowledge space and the agents’ posterior beliefs. The first is given by a finite or countably infinite
state space with a partition profile of the state space, one for each agent, which define the agents’ knowledge. An agent’s
posterior beliefs are given by a type function which assigns to each element in the agent’s partition a probability function on
this element. A type profile—one type function for each agent—is consistent if all the type functions are derived from one
probability on the state space—the common prior—by conditioning on the partitions’ elements. In the countably infinite state
space, we consider a type profile to be consistent if it can be derived from a common improper prior via conditioning.
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Against the background of a fixed knowledge space, we vary the type profiles and study the topological size of the set of
consistent type profiles. As we show, this size depends on the partition profile of the knowledge space, through its common
knowledge structure. We say that knowledge is tight at a state when any increase of the agents’ knowledge in this state
results in increasing common knowledge. We say that the partition profile is tight if at some state it is common knowledge
that knowledge is tight. We show that when the partition profile is tight the set of consistent type profiles is topologically
large, and when it is not tight this set is topologically small. The characterization of tightness in the finite case is particularly
simple: the tightness of a type profile, the meet of which consists of one element, can be determined solely by the total
number of elements in the partition profile. In the proofs we use another characterization of tightness, which holds for
both the finite and the infinite case, in terms of chains which are defined in turn in terms of the accessibility relation on
states. The existence of a prior for a given type profile can be characterized by a condition on the relation between chains
and the type profile. Such a condition was used in Harsanyi (1967-1968) for Harsanyi type spaces, and was extended by
Rodrigues-Neto (2009) for general knowledge spaces.

The precise meaning of large and small depends on whether the state space is finite or countably infinite. For finite
knowledge spaces, when the partition profile is tight each type profile is consistent, and when it is not tight, the set of
consistent type profiles is nowhere dense. For countably infinite knowledge spaces, we endow the set of all type profiles
with a topology that makes it a Baire space. When the partition profile is tight the set of consistent type profiles is big, as
its complement is of first category, which in a Baire space is a small set. When it is not tight, the set of consistent type
profiles is small, being of first category.

2. Preliminaries
2.1. Knowledge spaces

A knowledge space for a nonempty finite set of agents I, is a couple (£2, IT), where £2 is a nonempty set called a state
space, and IT = (I1;);¢; is a partition profile, where for each i, I7; is a partition of §2. The knowledge space is called finite
or countably infinite when £2 is finite of countably infinite, correspondingly. An event is a subset of 2. For a partition IT of
£2 and a state w, I1(w) is the element of IT that contains w. We say that agent i knows an event E at w if IT;(w) C E. We
define for each i a knowledge operator K;:2% — 2% by K;(E) = {w | I[Ti(w) C E}. Thus, K;(E) is the event that i knows E.

For a pair of partitions /7 and IT’ and state w, we write IT’' =, IT when IT’(w) C I1(w). For the partition profiles
I and IT', I’ =, IT means that for each i, IT/ =, IT;. The partition IT" is a refinement of IT, denoted I1’ = IT, when
IT" =4, IT for each state w. The partition profile IT" is a refinement of IT, denoted IT’ = I, if for each i, IT] = IT;. For
each of these four relations, a corresponding relation with > instead of = is obtained by discarding the reflexive part of
the relation >=. The two irreflexive relations describe an increase of knowledge, while the two reflexive relations describe
a weak increase of knowledge. Thus, for example, if [T’ >, T, and K and K’ are the knowledge operators associated with
IT and IT' respectively, then for each event E, if w € K(E), then w € K'(E), but for some events, for example E = IT'(w),
w € K'(E) but w ¢ K(E).

The meet of IT, denoted AII, is the partition which is the finest among all the partitions /7 that satisfy IT 3= IT; for
each i. The knowledge operator K. defined by the meet partition is called the common knowledge operator (Aumann,
1976). It can be described in terms of the knowledge operator K; as follows. Denote by K(E) the event that all agents
know E. That is, K(E) = (;; Ki(E). Then K¢ (E) = (o, K"(E). For M € AIl, the elements of I1; contained in M form a
partition of M. Thus, (M, IT;), where IT); is the restriction of IT to M, is a knowledge space.

2.2. Beliefs

The beliefs of an agent in a given state are described by a probability distribution over the state space. These beliefs are
related to the agent’s knowledge as follows. Denote by A(£2) the set of all probability functions on £2. A type function for
IT; is a function t;: 2 x £2 — R that satisfies:

(a) for each w, tij(w, -) € A(£2),
(b) for each i and 7 € IT;, if {w, '} C m, then tj(e/, ) =tj(w, -),
(c) for each i, m € IT;, and w € &, the support of tj(w, -) is m, i.e., ti(w, ) =1.

We say that tj(w, -) is i’s type at w. By condition (b), the type of i is measurable with respect to IT;, i.e., the type of i is the
same in all states in 7 which means that i knows her type, or equivalently, knows her beliefs. In light of (b) we sometimes
write for i and 7 € IT;, ti(m, -) for the type of i in all the states in . Condition (c) implies that whenever i knows E at w
she assigns probability 1 to it, i.e., whatever she knows she is certain of.!

A type profile for IT is a vector of type functions, t = (tj);c;, where for each i, t; is a type function for I7;. Denote by
7 (IT) the set of all type profiles for IT. A type profile assigns for each i and @ an element ¢t;(w, -) in A($2). Thus, we may

1 Conditions (b) and (c) are part of the definition of the space of knowledge and belief in Aumann (1976). The meaning given to them here are expressed
as two axioms on the relation between knowledge and belief in Hintikka (1962).
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consider 7 (IT) as a subset of A(§2)**!. In particular, for a finite state space we consider 7 (IT) as a topological space with
the topology induced by the standard topology of the Euclidean space in which 7 (IT) is embedded.

A prior for a type function t; is a probability function p € A(£2) such that for each 7t € IT;, p()ti(;r, w) = p(w) for all
® € . A common prior (cp) for the type profile t is a probability function p € A(§2) which is a prior for each agent i.2
A type profile t is consistent when it has a common prior.

The model of knowledge space with beliefs used here is the same as the model in Aumann (1976), except that in the
latter the assumption is made that there exists a common prior. Our model is also the discrete case of the abstract S-based
belief space in Mertens and Zamir (1985), where S is £2. Although knowledge is not introduced explicitly in their work, the
partitions of the space into agents’ types makes it a partition model.

3. Main results
3.1. Tightness

The commonness of consistent type profiles for a given knowledge space depends on a property of the knowledge space
we call tightness. In both the finite and the infinite case, when the partition profile is not tight, the set of consistent type
profiles is topologically small. When the partition profile is tight this set is topologically large.

We say that knowledge is tight at a state if increasing any agents’ knowledge at this state must result in increasing com-
mon knowledge. A partition profile is tight if at some state there is common knowledge that knowledge is tight. Formally,

Definition 1. For a partition profile IT, knowledge is tight at w, when for each IT" >~ I, if IT" -, IT then AIT" = AIT. Let T
be the event that knowledge is tight. We say that IT is tight, if K.(T) # @.

In the following example we illustrate the notions of tight knowledge and tight partition profiles.

Example 1. Let 2 = {w1, wy, w3, w4} and I = {1,2}. Consider the partition profile IT = (111, IT;), where IT; = {{w1, w2},
{w3, w4}} and [T = {{w1, w2, w3}, {w4}}. Obviously, AIT = {§2}. Suppose that IT' > I1, and I’ >, I1. The only way that
knowledge can increase at w4 is by splitting the partition element {ws, w4}. Thus, IT](ws4) = {w4}. Therefore {w4} € AIT’
which means that AIT’ = AIT. We conclude that knowledge at wy is tight. Consider now the partition profile IT" where
IT] = Iy and IT; = {{w1}, {w2, w3}, {wa}}. Then I’ > II, and I’ >, II. Yet, AI' = AIIT, which shows that knowledge at w3
is not tight. Therefore T # £2, and hence K.(T) = {@. We conclude that IT is not tight. It is easy to check that for the last
partition profile IT" knowledge is tight at each state and therefore IT’ is tight.

The tightness of a partition profile can be expressed without explicit reference to common knowledge, as follows. We
say that IT is connected when AIT = {§2}. For each M € AIl, Ty, the restriction of IT to M, is connected.

Proposition 1.

(a) A connected partition profile IT is tight if and only if for any I1' > I, IT' is not connected.
(b) A partition profile IT is tight if and only if there exists M € AIT such that ITy, is tight.

A third characterization of tightness, in terms of chains, is given in Proposition 5 below. In the finite case, there exists
yet another simple characterization of the tightness of a connected type profile, in terms of the total number of partition
elements.

Proposition 2. Let §2 be a finite state space and IT a connected partition profile. Then )", _; |11;| < (|I| — 1)|$2| + 1 and equality holds
if and only if I is tight.

Observe, that the dimension of the set of types 7 (IT) is ) ;;(182] — |IT;|) = |1|1$2| — Y _;c; |[17;| and the dimension of the
set of priors A(£2) is |§2| — 1. Thus, Proposition 2 characterizes the connected tight partition profiles IT as the ones with
minimal dimension of 7 (IT) which equals the dimension of A(£2).3

2 Contrasting a prior for t; with the types t;(w, -), the latter are referred to as the posterior probabilities of i.

3 This observation suggests a proof for the smallness of the set of consistent type profiles, for partition profiles which are not tight, based on dimensional
considerations. We have elected instead to implement an elementary combinatorial proof, which can be applied equally well for the infinite case. Nyarko
(2010) states that in a finite Harsanyi type space the set of consistent posteriors has measure zero. The proof requires differential geometry arguments
based on dimensionality considerations.
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3.2. The size of the set of consistent type profiles
Theorem 1. Let (£2, IT) be a finite knowledge space.

1. If II is tight then each type profile is consistent.
2. If I is not tight then the set of consistent type profiles is nowhere dense.*

In order to prove results similar to those of Theorem 1 for countable state spaces, we need to generalize the notion of a
common prior. A common improper prior (cip) for a type profile t is a non-negative and non-zero function p : 2 — R such
that for each i and 7t € IT;, p(r) < oo and p(m)t; (7w, w) = p (w) for all w € . Note that although for any 7t € IT;, p(T) < oo,
the possibility that p(£2) = oo is not ruled out, so that p may not be normalizable. Obviously, a cp is in particular a cip.
Note also that if p is a cip, then for any constant y > 0, yp is also a cip. In particular, if p is a cip and p(£2) < oo then
p($2)~1p is a common prior. Thus, for a finite space, a profile type has a common prior if and only if it has a common
improper prior. In light of this the following definition of consistency for countable spaces generalizes the one given for
finite spaces. A type profile t is consistent when it has a common improper prior and inconsistent otherwise.

To measure the topological size of sets in the countable case we use the notion of a set of first category (called also a
meager set), namely, a set which is a countable union of nowhere dense sets. A topological space is a Baire space if every
set of first category has an empty interior. Therefore, in a Baire space, sets of first category are considered small. We now
proceed to define a topology on 7 (IT) for which it is a Baire space.

Consider the complete normed vector space I1(£2) of absolutely summable functions x : 2 — R, with the norm |x| =
Y wee 1X(@)|. The set A(£2) is closed in 1'(£2).> Therefore, A(£2) with the metric induced on it from I'(£2) is a complete
metric space. Hence, the product space A(£2)?*! is a completely metrizable topological space (see Munkres, 1975). Finally,
the equalities in the definition of a type guarantee that 7 (IT) is closed in A(§2)?*! and therefore 7 (IT) is a completely
metrizable topological space. This implies that 7 (IT) is a Baire space. Obviously, in the finite case the topology just described
is the standard topology on finite dimensional Euclidean spaces.

Theorem 2. Let (§2, IT) be a countable knowledge space.

1. If IT is tight then the set of inconsistent type profiles is of first category.
2. If IT is not tight then the set of consistent type profiles is of first category.

In contrast with the finite case, here the set of inconsistent type profiles of a tight partition profile need not be empty.
Example 2 in the next section shows that we cannot even strengthen this part by changing “of first category” to “nowhere
dense”. Example 3 shows that similar strengthening is also impossible in the second part of the theorem.

3.3. Harsanyi type spaces

Of special interest are Harsanyi type spaces. In such a space 2 =X, T;, where for each i, T; is a set of types of player i.
With each player i we associate the natural partition of §2, IT;, into i's types. It is easy to see, using Proposition 1, that
the partition profile of a non-trivial Harsanyi type space (one that has more than one state and more than one agent) is
connected and not tight. Therefore, if we vary the posterior beliefs of the types on such a finite or countably infinite space,
while keeping the sets of types fixed, the set of consistent posterior beliefs is small. The lack of tightness of non-trivial finite
Harsanyi type spaces can be also checked using Proposition 2. Obviously, for such a space |IT;| = |T;|, and |2| = X _, |ITi].
It is easy to prove that ) ;; [ITi| < (|I| — 1) X;, [ITi| +1=(|I| = D|2| + 1.

iel

4. Proofs and examples
4.1. Proof of Proposition 1

(a) Let IT be a connected partition profile. Then §2 is the only event E such that K.(E) # @. Thus, if IT is tight then
T =£.1f I’ > I, then for some w, IT’ >, IT, and by tightness, AIl' = AIT. Conversely, if IT" > IT implies AIl' = AIT, then
obviously, each w is in T, and hence T = £2, and K.(T) = 2.

(b) The partition profile IT is tight iff there exists M € AIT such that M C T. It is easy to see that M C T iff for the
knowledge space (M, ITy), knowledge is tight at each w € M, which is a necessary and sufficient condition for ITy; to be
tight. O

4 A set is nowhere dense if its closure has an empty interior. Such a set is considered topological small.
5 To see this, consider the linear functional on I!(£2) defined by f(x) = Y weo X(@). Since | f(x)| < |Ix|l, f is continuous. Now, A(£2) is the intersection
of two closed sets: f~1(1) and the non-negative orthant of I'(§2).
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4.2. Chains

We define a chain of length n > 0, for the partition profile IT, from one state to another by induction on n. A state wy is
a chain of length 0 from wg to wg. A chain of length n+ 1, from wy to w, is a sequence ¢ Y w, where c is a chain of length
n from wg to ', and w € IT;(w’). Thus, a chain of positive length n is a sequence ¢ = wg Xl w1 Lo gt wp, such that for
$s=0,...,n—1, wsy1 € T (ws).

Obviously, for each i, chains of length 1, w - o/, define an equivalence binary relation and IT; is the partition of £
into its equivalence classes. We write w — «’ when there is a chain from w to w’. The binary relation — is the transitive

closure of the union of the relations —, and it is an equivalence relation. We say that w and @’ are connected for IT, if
there is a chain for IT from w to w'.

Claim 1. The meet of IT is the partition of §2 into the equivalence classes of —.

To see this, denote by IT,, the partition of §2 into equivalence classes of —. Since each of the partitions I7; is finer than
AT, it follows by induction on the length of chains that if w — &’ then ' € AII(w). Thus, for each w, Mcon(w) € AIT(w),
i.e., Ieon is finer than AIT. Also, if @' € IT.on(w) then for all i and w” € IT; (@), ®" € Meon(w), i.e., ITi(w") € Meon(w). Thus,
each of the partitions in /7 is finer than IT.on. As AIT is the finest partition with this property it follows that ITeon, = AIT.

Thus, we conclude:

Claim 2. A partition profile IT is connected if and only if every two states are connected.

We say that a type profile t is positive if for each i, 7 € IT;, and w € 7, t;j(r,®) > 0. Let t be a positive type profile
and (w1, wy) an ordered pair of states in 7 € IT;. The type ratio of (w1, wy) given i is tri(w1, w2) =t;(T, 3)/ti(7T, w1). The

. i i In— . _ i .
type ratio of a chain c = wyg il w1 4. wy of length n > 0 is tre(c) = Xz:é tri" (wk, wy+1)- For a chain c of length O,

tre(c) = 1. Thus, if c = ¢’ - w where ¢ is a chain from wg to o/, tre(c) = tre(c’) tr{(w’, w). When we discuss only one type
profile we omit the subscript t in trg.

Proposition 3. If a positive type profile over a connected partition profile has a common improper prior p, then all its common improper
priors are of the form y p for some constant y > 0. A type profile over a connected partition profile can therefore have at most one
common prior.

Proof. If p is a cip for a positive t, then tri(a)ha)z) = p(wy)/p(w1). Substituting the right-hand side for the left-hand side
in the definition of the type ratio of chains, we conclude that for any chain ¢ from wg to w, tr¢(c) = p(w)/p(wo). Thus, for
any cip's for t, p and p’, and for any two states wg and w, p(w)/p(wg) = p'(w)/p’(we). O

Proposition 3 was proved in Harsanyi (1967-1968) for Harsanyi type spaces. Samet (1998) noted that for finite spaces
the uniqueness of a common prior can be interpreted as the uniqueness of an invariant probability function for an ergodic
Markov chain. The simple proof here, for countable spaces, is an extension of the proof in Harsanyi (1967-1968) to general
knowledge spaces.

The following proposition is close in its content to the main result in Rodrigues-Neto (2009).

Proposition 4. Let t be a positive type profile over a connected partition profile. Then there exists a common improper prior for t iff for
each wg and w, and chains c and ¢’ from wg to w, tre(c) = tre(c)).

Proof. As we have shown before, if there exists a common improper prior p for t, then all chains ¢ connecting wo and w
satisfy tr(c) = p(w)/p(wo). Conversely, suppose that for each wp and w, all the chains from wg to w have the same type
ratio. Fix wg and for each w let p(w) = tr(c) for some ¢ from wy to w. To see that p is a cip consider & € IT; and w € 7. Let

¢ be a chain from wp to w. For @' € 7, consider the chain ¢’ = ¢ - «'. Then, by the definitions of tr and p, p(®') =tr(c’) =
tr(c) tr'(w, ') = p(w)ti (7w, @') /ti (7T, w). Thus, p(w) =3 e P(@) = [P(@) /6T, W)Y ey Li(T, @) = p(w) /Li (7T, @) < 00,
and p(w) = p(M)ti(mr,w). O

4.3. Proof of the second parts of Theorems 1 and 2
We first prove our claims for a connected partition profile IT. Let P be the set of positive types in 7 (IT) and C the set

of consistent type profiles in 7 (IT).
We show in the following two results that C N P is nowhere dense, that is, that the complement of its closure is dense.
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Lemma 1. If IT is connected, then cI(C N P) C (CN P) U P,

Proof. We need to show that if a sequence of type profiles t" in C N P converges to t € P, then t € C. Let ¢ and ¢’ be chains
from wp to w. By Proposition 4, trg(c) = tren(¢’) for each n. Since each chain involves only finitely many states, it follows
by continuity that tre(c) = tre(c’). Again, by Proposition 4, this implies that t € C. O

Thus, [cI(CNP)I°* D [(CNP)U P I*=C NP, and it is enough to show that C° N P is dense.
Lemma 2. If IT is connected and not tight then C¢ N P is dense in 7 (IT).

Proof. We show that CN P C cl(C° N P). Thus, P C cl(C° N P), and as P is dense, the claim of the proposition follows.

Since IT is connected but not tight, there exists, by Proposition 1 a connected partition profile IT” which properly re-
fines IT. We may assume that IT’ is obtained from IT by splitting one partition element 7 € IT;, for some i, into 7! and 72.

For t € P, define a type profile t for IT which agrees with t except on 7. Formally, for each j # i, tj =tj. For each
7T # 7 in [1;, tl(n y=ti(,"). For wenl, t,(n w)=1+8e)tj(mw,w)/c, and for w € w2, t,(rr w) = (1 —¢e)ti(wr, w)/c, where
c=1+e¢lti(w, ') —ti(w,w%)] and & # 0 between —1 and 1. By choosing & close enough to 0, t can be made arbitrarily
close to t.

For any type profile t in P, let t' be the type profile for IT" which is naturally induced by t as follows. For each j # i,
t; =t;. For each T # 7 in IT;, t{(7,-) = t;(, -). Finally, for k=1, 2, tlf(rrk, N =ti(mw, ) /ti(w, k).

Now, let t e PN C have a cip p. We show that t € C° N P. Obviously, p is also a cip for t'. Suppose that t has a cip, and
denote it by p. Then p is also a cip for . But t =t’, and as IT’ is connected, it follows, by Proposition 3, that p and p
differ by a multiplicative constant. Thus, p is a cip for t as well. Hence p must satisfy t;(m,7') = p(1)/p(w) = ti(r, ).
But this does not hold as f;(w, 1) = (14 e)ti(w,w)/c and (1 +¢&)/c#£1. O

Assume throughout the rest of this section that IT is not tight.

One has that C=(CNP)U(CN P C(CN P)U P, and we have shown that (C N P) is nowhere dense. In the finite case,
P is an open dense set and thus P is nowhere dense, so that (C N P) U P¢ is nowhere dense as a finite union of nowhere
dense set, and C is nowhere dense as a subset of a nowhere dense set.

For the infinite case, it suffices to show that P€ is of first category. This is indeed the case, because the set TC"U of type
profiles t for which t;(ITj(w), w) = 0 is closed and has an empty interior, as its complement contains P which is dense.
Thus, T}, is nowhere dense. Finally, P = J; U, T’

Cor151der next a partition profile IT that is not connected and not tight. For M € AIl, denote by 7y (IT)) the set of type
profiles over the knowledge space (M, IT ), and let Cy; be the set of consistent type profiles in 7y;(ITy;). We can obviously
identify 7 (IT) with X,,_, g 7M1 m).

A type profile t for IT has a cip if and only if there exists M € AIIl for which ty, the restriction of t to M x M, is in Cy,
the set of consistent type profiles in 7y;(IT;). Indeed, if ty; has a cip py, then the function p on £ that agrees with py
on M and vanishes outside M is a cip for t. Conversely, if p is a cip for t, then for some M, p is not identically O on
M and thus the restriction of p to M is a cip for ty;. We conclude that C, the set of consistent type profiles in 7 (IT), is
UMGAH [Cm x (XM/?QM Ty (T )]

Since IT is not tight, it follows by Proposition 1 that for each M € AII, IT); is not tight.

In the finite case, this implies that Cp; is nowhere dense in 7y;(ITy) and therefore each of the sets in the union is
nowhere dense in 7 (IT). Hence, C is nowhere dense as a finite union of nowhere dense sets.

In the infinite case, Cy is of first category and therefore each of the sets in the union is of first category in 7 (IT). Hence,
C is of first category as a countable union of sets of first category. We have thus completed the proofs of the second parts
of both Theorems 1 and 2. O

4.4. Proof of the first parts of Theorems 1 and 2

We say that a chain c is alternating if no two consecutive states, ws and wsy1, in ¢, are the same, and no two consecutive
agents, is; and is4q, in ¢, are the same. In particular, any chain of length O is alternating and any chain of length 1 from wq
to w # wy is alternating.

Given a connected partition profile IT, define a distance function d on £2 x £ such that for each w and &/, d(w, @) is
the minimal length of a chain from w to @’. It is easy to see that d is a metric. A chain from wg to w of the minimal length
d(w, wyp) is called a minimal chain. It is easy to see that if wg...wy is minimal then wy...ws is a minimal chain for each
s=0,...,n, and therefore d(ws, wg) = s. Moreover, the chain must be alternating, because if either ws = wg41 oOr is = isyq

we get a shorter chain from wqg to w, by omitting X5 Ws41-
Clearly, if for some i, o’ € ITj(w), then d(w, ") < 1. Thus, by the triangle inequality, if for some i, ' € IT;j(w), then for
any wo, |d(w, wg) — d(a) a)o)| < 1 Thus, on each partition element 7, d(-, wg) can have at most two values. In particular,

for any chain c_a)0—> w1 oyt wn, |d(ws+1, wp) —d(ws,wp)| <1 for s=0,...,n—1.
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Proposition 5. A connected partition profile IT is tight if and only if for any states w and «' there exists a unique alternating chain for
II from w to '.

Proof. Assume that IT is not tight. Then, there exists a connected partition profile IT" such that IT" > IT. Let w, &’ and i be
such that @’ € ITj(w) but o’ ¢ I1{(w). Since " is connected, there exists a minimal chain ¢ for IT" from w to ', which, as
we have shown, is alternating. Since IT’ is a refinement of II, c is also a chain for IT and it is alternating. But as w # o/,

¢ =w— o is also an alternating chain for IT which is different from c, since o’ ¢ IT/ (w).
Assume now that IT is tight. To show that the condition in the proposition holds we use the following two lemmas.

Lemma 3. If IT is tight then for each wq and w there exists a unique minimal chain from wyg to w.

We show that if there are two distinct minimal chains from one state to another then IT is not tight. Let ¢ = wyg X

w1 Ly wp and ¢ = wg i a)a i> -~-'"—7>1 wy be distinct minimal chains, and assume that n is the minimal number for
which such a pair exists. Obviously, n > 0. It is impossible that both ig = i; and w1 = w}, because either n =1 in which
case c =/, or else n > 1 in which case w; 4.y wy, and a); i> l"—_>1 wy are distinct minimal chains of length n — 1
contrary to the minimality of n. Thus, either ip # if or w1 # w;.

Consider the refinement IT' of IT obtained by splitting IT;(wg) into {w1} and IT;(wg) \ {w1}. The latter set is not empty
since being minimal, c is alternating and thus, wg # w;. We will prove that IT is not tight by showing that IT" is connected.
To do so, it suffices to prove that every @ € IT;(wp) \ {w1} is connected to w; for IT'. As & is connected to wq for IT', it

suffices to show that wg is connected to wq for IT'.

/

i
Assume first that w = w}. Thus, ig # i, and therefore wp =2 w4, is a chain for IT’. Now assume that w # w}, which
implies that n > 1. Note that all states in IT;(wg) are of distance not greater than 1 from wg and thus each of the states

im—l

. . - . i
w7, ...,Wn—1,wy and a)g . a);fl,a)n are not in this set, as their distance from wy is greater than 1. Thus, w1 2B o
i fn1 . iy . . e .
and o) - ... 5" @y, are chains for IT’ too. Also, because w; # w}, wp — w] is a chain for IT’ (even if ig = ij). Thus, we
have shown that the following relations hold for IT": wy — w}] @} — wy, and w; — w1, which amounts to saying that wg

and w; are connected in IT'.
Lemma 4. If IT is tight then every alternating chain for IT is minimal.

The proof is by induction on n, the length of the chain. The claim is obvious for alternating chains of lengths n =0
and n = 1. Suppose the claim holds for alternating chains of length n =k > 1, and assume that c is an alternating chain

c=wo 2 w1 AL QN o X @ of length k + 1. By the induction hypothesis the alternating chain wy ...y is minimal and
thus for all s <k, d(ws, wp) = s. In particular d(wy, wg) =k and thus d(w, wp) is either k + 1, or k, or k — 1. We only need

to prove that the last two values are impossible. Suppose that d(w, wg) <k + 1. Let ¢’ = wyg E) @] ...w be a minimal chain
from wg to w. Then it is of length k — 1 or k.

Consider the refinement IT’ obtained by splitting IT;, (wy) into {wy} and IT;, (wy) \ {w}. The latter set is not empty, since
by the alternation of ¢, wy # w. We show that for each & € IT;, (wy) \ {wy} there is a chain for IT" from wy to ®. Note, first,

ik— . .
that the chain wy...wy is a chain for IT’. To see this, observe that by alternation i,_q # ix. Thus, wg_1 Ly wy is a chain
for IT'. Also the states wy, ..., wx_p are of distance less than k — 1 from wp while all states in IT;, (@) are of distance k —1
at least. Thus, wg...wk_3 is also a chain for IT’. We conclude that there is a chain for IT’ from wy to wg. We end the

proof by showing that there is a chain in IT’ from @& to wq. First, ® X @ is a chain for I’ by the construction of the latter.
Moreover, none of the states in ¢’ is wy, which implies that ¢’ is also a chain for IT'. Indeed, w # wy by the alternation of c,
and the distance from wy to all of the states in ¢’ that precede w is less than k, while wy is of distance k from wy. O

The characterization of tightness in terms of alternating chains is used to prove the following.
Lemma 5. If IT is connected and tight then every positive type profile has a common improper prior.

Proof. We show that the condition in Proposition 4 holds. By Proposition 5 for any states wg and w there exists a unique
alternating chain c(wp, w) from wg to w. We show that for any wg and @ and any chain ¢ from wg to w, tr(c) = tr(c(wg, w)).
The proof is by induction on the length of c. The claim trivially holds for chains of length 0. Assume that it holds for all

chains of length n —1 for n > 0 and let ¢ =¢’ - @ be a chain from wo to w of length n, where ¢’ is a chain from wg to .

By the induction hypothesis, tr(c’) = tr(c(wo, ")). Consider the chain ¢ = c(wo, ®’) - . Then, tr(c) = tr(c’) tr' (o', w) =
tr(c(wo, w")) tr' (@', w) = tr(c), and therefore it suffices to show that tr(¢) = tr(c(wg, ®)). If ¢ is alternating then ¢ = c(wyp, ®),
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and we are done. If ¢ is not alternating, then, since c(wg, @’) is alternating, one of the following two cases holds. Case 1:

o' = w. In this case tr(¢) = tr(c(a)g,a)))tr‘(w w) = tr(c(wop, w)). Case 2: w # o', and for c(wg, @) = wo...wn—3 n? o,
in_y =i. Here, tr(¢) = tr(wg ... wn_2) tr' (wp_2, @) tri (o', @) = tr(wg . . . wn_2) tr' (wn_2, ®). But the latter is the type ratio of

the chain wy...wn_> - w, which, being alternating is c(wp, ). O

The proof of part 1 in Theorems 1 and 2 follows readily in case IT is connected. As before, P is the set of positive type
profiles and C the set of type profiles that have a cip. By Lemma 5, C¢ C P€.

In the infinite case, we have shown that P¢ is of first category, and thus, C¢ is of first category. In the finite case, C is
closed. Indeed, let t" be a sequence of type profiles in C that converges to t. For each n, t" has a common prior p" that
satisfies for each i and 7 € IT;, p"(7)t}' (7w, -) = p"(-). By the compactness of A(£2), a subsequence of p" converges to a
probability function p. By continuity, p(7)t;(;r,-) = p(-) for each i and 7 € IT1;. Thus, p is a common prior for t and te C.
By Lemma 5, P C C and thus, 7 (IT) = cl(P) C cl(C) =

Suppose that IT is not connected, then C° = X,,_, 7 Cy;- As IT is tight, there is an M € AT such that IT i is tight. In the
finite case, CICOI = and therefore C¢ = ¢. In the infinite case, Clc\h C PCM, and as P;h is of first category, so is C°. O

4.5. Proof of Proposition 2

Let IT be a connected tight partition profile. The proof is by induction on the size on £2. If §£2 is a singleton the equality
in the proposition is obvious. Suppose the equality is proved for all state spaces smaller than n > 1 and let |£2| =n. Since
n>2 and II is connected, there must be i and wg such that IT;j(wp) is not a singleton. Consider the refinement of IT, I
obtained by splitting IT;(wq) into {wo} and IT;(wg) \ {wo}. By the tightness of IT, I is not connected.

Let £2¢ consist of all states w such that there 1s a chain for IT from wop to w. Fix w in the set IT;(wp) \ {wo} and let £21
be the set of all @ such that there is a chain for [T from w1 to w. Each of £29 and £21 is an element of the meet of . They
are disjoint because if they shared a state then wo would be connected to w; which would make IT connected. Each state
w is in either £2¢ or £21. Indeed, let ¢ be a minimal chain for IT from wg to an arbitrary w. If ¢ does not contain a state
@ € ITj(wp) \ {wp}, then c is a chain for I and w € 2. I ¢ does contain such a &, then no state that follows & in ¢ is wg
(because the distance of each state in ¢ to wg, other than wy itself, is positive). Thus, there is a chain for I from & to o,
and trivially there is a chain for IT from & to wy, so that w € £2;. Thus, the meet of IT is exactly the set {£2¢, £21}, and each
of I1° and IT', respectively the restriction of IT to £y and £1, is connected.

By the induction hypothesis, for k=0,1, >, |IA7¢.‘| = (/I — 1)|$2| 4+ 1. By adding the two equations and noting that
Yiel |ﬁ?| + D i |ﬁ}| = ey ;| + 1 we get the desired equality.

If IT is not tight, then it must have a refinement which is tight, and therefore it satisfies the inequality of the proposi-
tion. O

4.6. Examples

Example 2. We construct an infinite knowledge space with a tight partition profile, such that the set of inconsistent type
profiles is dense. Therefore it is not nowhere dense, since the complement of a nowhere dense set contains a nonempty
open set. To show that the set of inconsistent type profiles is dense, it is enough to show that it is dense in the set of
positive type profiles, since the latter is dense.

Consider a knowledge space for two agents, where §2 is the set of integers Z, and the partitions are IT; = {7{ | n € Z)},
where 71{1 ={2n,2n+ 1}, and IT; = {7, " |n e Z}, where 7Tz {2n — 1, 2n}. The partition profile IT = (ITq, I1) is tight, since
it is connected and any proper reﬁnement of IT is not. Let t = (t1,t) be a positive type profile over IT. We construct a
sequence of inconsistent type profiles t* such that t* converges to t as k — —oco. For n <k, t¥(7r]',2n) = 1 and t§ (%}, 2n) =
For n >k, t'l‘ (], ) =t1(r}, ) and t’2‘ (l, ) =ta(7}, ). Obviously, tk converges to t as k — —oo.

To show that t* is inconsistent we prove that if p is a cip for t¥, then it must be identically 0, which is impossible for a
cip. By the definition of cip whenever for some i, 7 € I7; and w € 7, t;(;r, w) =0, then p(w) = 0. Now, t& (71] 2k+1) =
and therefore p(2k + 1) = 0. Also, for each m < 2k, either t"(H1 (m),m) =0 or tz(Hz(m) m) = 0. Thus, p(m) =0 for all
m < 2k+ 1. We prove now by induction on m that p(m) =0 for all m > 2k + 1. This holds as we have shown for m = 2k + 1.
Suppose that for m =2n + 1, p(m) = 0. Since t’ﬁ(ﬂ22"+1,2n +1)=t (nzz"“ ,2n+ 1) > 0 it follows by the definition of cip
that p(n22”+]) = 0. This implies that p(2n + 2) = 0. The induction step when m = 2n is similar.

Example 3. We construct an infinite knowledge space for two agents with a partition profile which is not tight, such that
the set of consistent type profiles is dense, which shows that it is not nowhere dense. To show this we prove that the set
of consistent type profiles is dense in the set of positive type profiles.

Let 2 be the set N x N. Player 1’s partition consists of the rows and 2’s the columns. That is, IT; = {nli | i € N}, where
nl={@,j)|jeN}, and [T, = {rry | j € N}, where j = {(i, j) | i e N}.

Let t be a positive type profile for this partition profile. We define a sequence of consistent type profiles t" that converge
to t as n — oo. Fix a consistent type profile t with cip p. For each i <n and j <n, let
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O (xl, G, ) =t (x, G, j))/Zﬁ (i, i, k)
k=1

and
(. (@, ) = 2(m3. @, 9) / 3 ta(wd. . ).
k=1

Fori>n+1and j=n+1, i, G, j) =t ™ (G —n,j—n)), and tg(nzj, i, ) = fz(nzj_", (i—n,j—n)). Fori<n and
jzn+1lorizn=1and j<n, t(xl, G, j) =t)0r5, (. j) =0.

It is easy to check that for each i, ||t} (771", D) —t1 (n{, || = 0 when n — oo, and a similar convergence holds for agent 2.
Thus, t" — t. To see that t" is consistent, we define p" by p"(i, j)=p(i—n,j—n) fori >n+1and j>n+1 and p"(, j) =0
otherwise. It is easy to see that p" is a cip for t".
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