ALMOST COMMON PRIORS

Z1V HELLMAN

ABSTRACT. What happens when priors are not common? We introduce
a measure for how far a type space is from having a common prior, which
we term prior distance. If a type space has ¢ prior distance, then for any
bet f it cannot be common knowledge that each player expects a posi-
tive gain of § times the sup-norm of f, thus extending no betting results
under common priors. Furthermore, as more information is obtained and
partitions are refined, the prior distance, and thus the extent of common
knowledge disagreement, can only decrease. We derive an upper bound
on the number of refinements needed to arrive at a situation in which
the knowledge space has a common prior, which depends only on the
number of initial partition elements.

1. INTRODUCTION

What happens when priors are not common? Can one measure ‘how far’
a belief space is from having a common prior, and use that to approximate
standard results that apply under the common prior assumption?

Surprisingly, there has been relatively little published to date in the sys-
tematic study of situations of non-common priors. One of the justifications
for the common prior assumption that is often raised is the claim that, once
we begin to relax the common priors assumption, ‘anything is possible’, in
the sense that heterogeneous priors allow ‘sufficient freedom as to be ca-
pable of generating virtually any outcome’. (The quote is from Samuelson
(2004). A similar argument appears in Morris (1995b)). Perhaps this is one
reason that the assumption that players’ posterior beliefs in models of differ-
ential information are derived from a common prior has been ubiquitous in
the literature since Harsanyi (1967-8) introduced the concept in his ground-
breaking work on games with incomplete information. Indeed, as pointed
out in Aumann (1987), the assumption of a common prior (also known as
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the Harsényi doctrine) ‘is pervasively explicit or implicit in the vast major-
ity of the differential information literature in economics and game theory’.
Although more than a score of years have passed since those lines were
published, they retain their full force.

We show in this paper that it is not true that by moving away from com-
mon priors one can generate ‘virtually any outcome’. To the contrary, the
common prior assumption is actually quite robust in terms of no betting and
agreeing to disagree results, which constitute the main characterisation of
common priors in the literature, The central result here, Theorem 1, shows
that in models in which priors are ‘almost common’ there is ‘almost no
betting’.

Moreover, we can continuously measure how far a type space is from
having a common prior and use that to bound common knowledge betting
and disagreements. More precisely, we show that every type space can be
associated with a value which we term the prior distance that is the intuitive
measure of ‘how far’ the type space is from a common prior. Letting E; f (w)
denote player i’s posterior expected value of a random variable f at state w,
if there is a common prior then the well-known No Betting theorem for two
players states that

-3f € R, Vw € Q, By f(w) > 0 A Ey(—f)(w) > 0.

Setting S = {f € R® | || f|l., < 1}, the results in this paper state that if the
type profile has ¢ prior distance, then

—3f € S,Vw € O, B f(w) > 0 A Ba(—f)(w) > 6.

If § = 0 there is a common prior and the common prior result is recapitu-
lated.

In the n-player case, if the prior distance is ¢ then there is no n-tuple of
random variables f = (fi,..., f,) such that > . f; = 0 and it is common
knowledge that in every state E; f;(w) > ¢ || f]| .-

By scaling f, || f||, can be made as large as desired, and hence the up-
per bound on common knowledge disagreements can also be raised without
limit unless 6 = 0. Never the less, when taking into account budget con-
straints and possible risk aversion on the part of the players, the upper bound
can have bite, even when ¢ # 0. For example, if J is sufficiently small (say,
less than 107?), then in order to have common knowledge that each player
expects a positive gain of more than a few pennies, a bet may need to be
scaled so much that in some states of the world billions of dollars are at
stake.

Finally, we show that after sufficiently many proper refinements of the
partition space, the resulting type space is one in which the players must



ALMOST COMMON PRIORS 3

have a common prior, and in fact we derive an upper bound on the number
of such refinement steps needed based solely on the structure of the partition
profile. This may justify, in some models, supposing that the analysis of the
model begins after the players have received sufficient signals to have re-
fined their partitions to the point where they might as well have started with
a common prior. This supposition may be more philosophically acceptable
than the stark assertion of the common prior assumption, an assumption that
has been much debated in the literature.

2. PRELIMINARIES

2.1. Knowledge and Belief.

Denote by ||-||, the L' norm of a vector, i.e., ||z||, := > 1", |2;|. Simi-
larly, denote by ||-|| , the L> norm of a vector, i.e., ||z|| _ := max(|z1],...|Tm]).
More generally, for any real number 1 < p < oo, [|-]|, == (3 %, |[P) /P
Two norms |||, and ||-||, are dual norms if p and g are dual conjugates, i.e.,
if1/p+1/g=1whenl <p <oocand1l < ¢ < oco. ||z|, and ||z||__ are
also a pair of dual norms.

For a set (2, denote by A(Q) C R the simplex of probability distribu-
tions over ). An event is a subset of (2. A random variable f over () is an
element of R, Given a probability distribution € A(f2) and a random
variable f, the expected value of f with respect to y is defined by

) E.f =) flw)pw)

we

The probability of an event H is the expected value of the random variable
1, which is the standard characteristic function defined as:

w1 ifueH
1<“’)_{0 ifwe H

A knowledge space for a nonempty, finite set of players I is a pair (€2, IT).
In this context, {2 is a nonempty set called a state space (and each w € € is
called a state), and IT = (I1;),¢; is a partition profile, where for each i € I,
I1; is a partition of €2. We will assume throughout this paper that the state
space ) satisfies |Q2| = m, where m is a positive integer, and that |I| = n,
where n > 1.

[T, is interpreted as the information available to player i; I1;(w) is the set
of all states that are indistinguishable to 7 when w occurs. Give a partition
IT; of Q of player i, the number of partition elements in I is denoted |IT;|
(we will call it the size of II). For a partition profile IT = (II,, ..., Il ), the
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total number of partition elements, i.e. Zy:ll |ITL;|, is denoted |II| (the size

of II).

A type function for I1; is a function ¢; :  — A(S2) that associates with
each state w a distribution in A(€2), in which case the latter is termed the
type of i at w. Each type function ¢; further satisfies the following two
conditions:

(@) t;(w)(I;(w)) = 1, for each w € Q;
(b) ¢; is constant over each element of II;.

Given a type function t; and f € R®, E;f denotes the random variable
defined by (E;f)(w) = t;(w) - f (considering both ¢;(w) and f as vectors in
R and taking the standard dot product). We will sometimes relate to F; f
as a vector in R%, enabling us to use standard vector notation. For example,
E;f > 0 will be short-hand for F; f(w) > 0 for all w € ().

A type profile, given I1, is a set of type functions (¢;);c;, where for each i,
t; is a type function for II;, which intuitively represents the player’s beliefs.
A type space T is then given by a knowledge space and a type profile, i.e.,
T = {Q,II, (¢;);cs }, where the ¢; are defined relative to II. A type space 7
is called positive if t;(w)(w) > 0 forall w € Q and each i € .

2.2. The Meet.

A partition IT' is a refinement of II if every element of II’ is a subset of an
element of I1. I is a proper refinement of 11 if for at least one w € 2, IT'(w)
is a proper subset of II(w). Refinement intuitively describes an increase of
knowledge.

A partition profile IT' is a (proper) refinement of I if for at least one
player i, I is a (proper) refinement of I1;. That IT" is a proper refinement
of IT is denoted IT < IT'.

If 7 is a type profile over 2 and II, then a refinement IT’ of IT induces a
refinement 7’ of 7 defined by assigning to each ¢}(w)(w’) the probability of
t;(w)(w') conditional on the event 7/(w). Then 7’ thus defined is a proper
refinement of 7 if IT’ is a proper refinement of IT. Denote 7 < 7/ if 7' is a
proper refinement of 7. The size |7| of a type profile 7 is defined to be the
size |TI| of the partition profile IT over which 7 is defined.

If IT' is a refinement of IT, we also say that IT' is finer than II, and that
IT is coarser than IT'. The meet of II is the finest common coarsening of
the players’ partitions. Each element of the meet of II is called a com-
mon knowledge component of I1. Denote by C'(IT) the number of common
knowledge components in the meet of I1.
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A type profile 11 is called connected when its meet is the singleton set

Q.

2.3. Common Priors.

A prior for a type function ¢; is a probability distribution p € A(£2), such
that for each © € II,, if p(w) > 0, and w € m, then t;(w)(-) = p(- | 7).
Denote the set of all priors of player i by P;(7), or simply by P, when 7 is
understood." In general, P, is a set of probability distributions, not a single
element; as shown in Samet (1998), P; is the convex hull of all of ¢’s types.

A common prior for the type profile 7 is a probability distribution p €
A(€) which is a prior for each player 7.2

3. MOTIVATING THE DEFINITION OF ALMOST COMMON PRIORS

We will assume in this section and the next that all type profiles are con-
nected. In a connected type profile, stating that F; f(w) > 0 for all w for
a random variable f is equivalent to saying that the positivity of E;f is
common knowledge among the players. This simplifying assumption eases
the exposition without loss of generality, because all the results here can be
extended to non-connected type spaces by taking convex combinations of
functions and probability distributions over the common knowledge com-
ponents.

3.1. Characterization of the Existence of a Common Prior.

The main characterization of the existence of a common prior in the lit-
erature is based on the concept of agreeable bets.

Definition 1. Given an n-player type space 7, an n-tuple of random vari-
ables (f1,..., fn)isabetif Y. | fi =0. ¢

Definition 2. A bet is an agreeable bet if® E; f; > 0 for all i. ¢

In the special case of a two-player type space, Definition 2 implies that we
may consider a random variable f to be an agreeable betif £, f > 0 > Fs f
(by working with the pair (f, —f)).

The standard characterization of the existence of common priors is then:

! Strictly speaking, the set of priors of a player ¢ depends solely on ¢’s type function ;,
not on the full type profile 7. However, since we are studying connections between sets
of priors of different players, we will find it more convenient to write P;(7), as if P; is a
function of 7.

2 Contrasting a prior for ¢; with the types ¢;(w, -), the latter are referred to as the poste-
rior probabilities of i.

3 Recall that we adopted vector notation for F; f, hence F; f > 0 means that F; f (w) >
Oforallw € Q.
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A finite type space has a common prior if and only if there
does not exist an agreeable bet.

This establishes a fundamental and remarkable two-way connection be-
tween posteriors and priors, relating beliefs in prior time periods with be-
haviour in the present time period. The most accessible proof of this result
is in Samet (1998). It was proved by Morris (1995a) for finite type spaces
and independently by Feinberg (2000) for compact type spaces. Bonanno
and Nehring (1999) proved it for finite type spaces with two agents.

In the special case in which the bet is conducted between two players over
the probability of an event H occurring, i.e., the bet is the pair (17, —1%7),
this result yields the No Disagreements Theorem of Aumann (1976): if
there is a common prior and it is common knowledge that player 1’s ascribes
probability 7; to H and player 2 ascribes probability 7, to H, then n; = 7.

3.2. Almost Common Priors and Prior Distance.

We now wish to generalise the characterization in Section 3.1 to situa-
tions in which there is no common prior. For some motivating intuition,
consider the following scenario.

The state space is 2 = (1,2,3,4,5,6,7,8). There are two players. At
time t°, the knowledge of both players is given by the trivial partition; i.e.,
19 = 113 = {Q}, where ITY is player 4’s initial partition.

We suppose that the players start with different priors: player 1 has prior

B 11111111
H1 = 9)9797979797676 )

and player 2 has prior
/1 11 1 3 3 3 3
H2=\16716716° 16" 16" 16 16 16 ) -
At time t!, the players receive asymmetric information. As a result,

player 1’s partition IT} at ¢! is given by

1.2 3|4 5 6]7 8]
and player 2’s partition I12 at ¢* is given by

1 23 4|5 6 7 8]

Using standard belief revision given the priors p; and po and the partitions
[T} and T1 yields the type functions ¢; and ¢, of players 1 and 2, respectively,
given by

t1(1) = (1/3,1/3,1/3,0,0,0,0,0)
t1(4) = (0,0,0,1/3,1/3,1/3,0,0)
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t1(7) = (0,0,0,0,0,0,1/2,1/2).
and
to(1) = (1/4,1/4,1/4,1/4,0,0,0,0)

t2(5) = (0,0,0,0,1/4,1/4,1/4,1/4).

Under a naive and erroneous reading of Aumann’s No Disagreements The-
orem, one might be led to conclude that given the type profile 7 = {t1,t2}
the players would be able to find a disagreement, because the type functions
were derived above from the non-equal priors ; and . However, this is
not the case, because 7 could have been derived instead from a common
prior, namely (1/8,1/8,1/8,1/8,1/8,1/8,1/8,1/8). It therefore satisfies
the condition of Aumann’s Theorem: since the type profile has a common
prior, there can be no common knowledge disagreement.

Definition 3. When we consider a given type space to have been dynami-
cally derived over two or more time periods from a set of priors (g1, . . . , fin)s
one prior per each player i, we will call (u1, ..., u,) the set of historical
priors of the type space.

As we have just seen, consideration of the historical priors alone is insuf-
ficient for making conclusions regarding agreement and disagreement; what
counts is the collection of the sets of priors, P;(7) for each i € I. More
explicitly, there is a common prior if and only if (}_, P,(7) # (. Each
historical prior satisfies ;; € P;(7), but whether or not the historical priors
are all equal to each other is irrelevant for disagreement theorems, because
the historical priors can be entirely disparate even when (), P;(7) # 0.

In the two-player case, instead of the historical priors what we need to
concentrate on are the points in the players’ sets of priors P and P, that are
of ‘minimal distance’ from each other in an appropriate metric. In a sense,
we are considering an ‘alternative history’ in which the players derived the
same posterior profile but started out with priors that are as close as possible
to each other. Since P, and P, are closed, convex and compact, such a
distance is well-defined. There is a common prior if and only if this distance
is 0, if and only if there is non-empty intersection of P; and P.

This leads to the idea that we may measure how far a two-player type
space is from having a common prior by measuring a distance between the
nearest points of the sets P, and P,. The greater this distance, the farther
the type space is from a common prior. A point equidistant along the line
between the nearest points may be regarded as an ‘almost common prior’.
In the n-player case matters are a bit more involved, but the basic idea is
similar.
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Given a type space 7 and its associated sets of priors (P, ..., P,), one for
each player 7, consider the following bounded, closed, and convex subsets
of R™",

(2) X =P xXPy---x P,
and the ‘diagonal set’
3) D = {(p,p,...,p) € R"|pe A™}.

Clearly, there is no common prior if and only if (;_, P, = (), if and only if
X and D are disjoint.

Definition 4. Let 7 be an n-player type space. The non-normalised prior
distance of T is the minimal L' distance between points in X and points in
D, i.e. mingexpep ||z — pl|,. The prior distance of 7is § = 1, where v is
the non-normalised prior distance of 7, ¢

Definition 5. A probability distribution p € A(Q) is a d-almost common
prior of a type space 7 of prior distance ¢ if there is a point x € X such that
the L' distance between p and z is the non-normalised prior distance nd. ¢

It is straightfoward that a type space has 0 prior distance if and only if
there is a common prior. J-almost common priors then serve as a ‘proxy’
for common priors when there is no common prior.

4. THE MAIN THEOREM

We make use of the following generalization of Definition 2.

Definition 6. If a bet (f1, ..., f,) satisfies max,, f;(w) — min,, fi(w) < 2
and F; f; > 0 for all 7, then it is a 0-agreeable bet. ¢

4.1. Proof of the Main Theorem.

Theorem 1. Let 7 be a finite type space. Then the prior distance of T is
greater than 0 if and only if there is a §-agreeable bet.

Proof. When 6 = 0 the statement of the theorem reduces to the standard no
betting theorem of common priors. We therefore assume in the proof that
0 > 0. Notationally, throughout this proof e will denote the vector in R™
whose every coordinate is 1.

We will need the following generalisation of the Minimum Norm Duality
Theorem (see, for example, Dax (2006)): given two disjoint convex sets C
and Cy of R™™,

4) min 1 — xo|| = max inf f-z7— su - To
e, | Iy {feRM™ £, <1} 1€C1 d et Joe
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where [|-[|, and [|-]|, are dual norms, with the maximum in the right-hand
side of Equation (4) attained by some f € R™" such that [|f||, < 1. In
broad outline, this theorem is needed for both directions of the proof; if
there exists a )-agreeable bet we use it deduce a lower bound on the distance
between X and D, and if the prior distance is greater than ¢ then the fact
that the maximum in the right-hand side of Equation (4) is attained by some
f is exploited to construct a 9-agreeable bet.

In one direction, suppose that there exists f = (f1,..., f,) that is a -
agreeable bet. Since § > 0, X and D are separated. Choose a pair of points
(z3,...2%) € X and (p*,...,p*) € D at which the minimal L' distance
between X and D is attained. As f is a d-agreeable bet, f; -z > ¢ for each
i, hence ) . f; - «f > nd. Since ) . fi = 0, >, fi - p* = 0, and we have
Yo fi (xf —p*) > nd.

Next, note that by assumption max,, f;(w) — min, f;(w) < 2 for each
1. It follows that there is a real number ¢; such that, setting g; := f; + c;e,
il < 1.

By definition of g;,

gi- (@ —p") = (fi + cie) - (2] = p")
=fi-x;+ce-x; —fi-p-—ce-p.

Since both 2 and p* are elements of the simplex, > © =} (w) = > p*(w) =
1. This yields

cie-xf =cie-x})

- (i)

we

and using exactly similar reasoning, ¢;e - p* = ¢;, yielding g; - (zf — p*) =
fi - (xf — p*) for each i.

We deduce that ) . g; - (] —p*) = >_. fi - (xf —p*) > nd. At this
point we invoke the Minimum Norm Duality Theorem: since ||g;||,, < 1
and ), g; - (zf — p*) > nd, the theorem implies that the minimal distance
between X and D is greater than nd, hence the prior distance is greater than

J.

In the other direction, suppose that the prior distance is greater than 0.
We need to show the existence of a §-agreeable bet. By the Minimum Norm
Duality Theorem, there exists f = (f1,..., f,) € R"" suchthat || f;|| , <1
for all ¢ at which the maximal distance is attained, i.e., fo — fy > nd for
all z = (xq,...,2,)in X andy = (p,...,p) € D.
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The condition fx — fy > no forall x € X and all y € D is equivalent to
the existence of b, c,d € Rsuchthatb —d > nd and fx > b > d > fy for
allz € X and all y € D. Rearranging terms, we have fox —d > b—d > nd
and fy —d < Oforallz € X andall y € D.

Define g; := f; — d/n for each i. This yields, for all z € X,

g- :E—le fi—d/n)

el

= infi - Z(d/n)

el i€l

= Zﬂfifi -

el
=f-x—d

> nd.

Similarly, for all p in the simplex, withy = (p, ..., p),

g-y=p- (;g)
P (Z(ﬁ—d/n))

Since the last inequality holds for all p in the simplex, we deduce that
>;9; < 0. Furthermore, since the coordinates of z; are non-negative, in-
creasing the coordinates of the g; does not change the inequality . g;x; >
nd, hence we may assume that g satisfies ) |, g; = 0.

The fact that ), g;z; > nd still leaves the possibility that g;z; < ¢ for
some . But let 2] be the point that minimises g;z; over F;, for each i.
Since > 7 | g;xf > nd, there are constants ¢; guaranteeing x;g; + ¢; > 0
for each 4, satisfying ) . ¢; = 0. Define h; = ¢; + ¢;e. Then max,, h;(w) —
min,, h;(w) < 2foreachi, > . h;=>,9; =0, , hyx; > nd, and for each
x; € Py, hyx; > 0. [ |

Corollary 1. If the prior distance of a finite type space is 0, then there is no
bet (f1,..., fn) satisfying || f;|| ., < 1 and E;f; > 0 for all i.

Remark. Although we have chosen to use the L' norm to measure prior
distance, from a purely mathematical perspective, this choice of norm is
arbitrary. The proof of the Theorem 1 is based on a form of the Minimal
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Norm Duality Theorem that holds for any pair of conjugate real numbers
p and q. With appropriate changes to Definitions 4 and 5, the proof and
the statement of Theorem 1 could be rewritten in terms of any pair of dual
norms.

4.2. Agreeing to Disagree, But Boundedly.

Corollary 2. Let 7 be a finite, two-player type profile with § prior distance,
and let w* € ). Let f € R be a random variable, and let 0y, € R. If
it is common knowledge at w* that player 1’s expected value of f is greater
than or equal to 1y, and player 2’s expected value of f is less than or equal
to 1y, then

m— 2| <20 ||f]-

Proof. Suppose that [, — n2| > 25| f|| . Let g := W Then g sat-

isfies ||g||, < 1, hence max, f;(w) — min, f;(w) < 2, yet |E;(g(w)) +
Es(—g(w))| > 26 for all w, contradicting the assumption that the prior dis-
tance of 7 is d. ]

This also leads to a generalisation of the No Disagreements Theorem of
Aumann (1976), to which it reduces when § = 0.

Corollary 3. Let T be a finite, two-player type profile of § prior distance,
and let w* € ). Let H be an event. If it is common knowledge at w* that
Ey(H |w) =mn and E5(H | w) = g, then |y — na| < 0.

Proof. Let f € R% satisfy 0 < f(w) < 1 forall w € Q. Then it
cannot be the case that |E\(f(w)) + Ea(—f(w))| > ¢ for all w. Sup-
pose by contradiction that this statement holds. Let ¢ = 2f — 1. Then
|E1(g9(w)) + E2(—g(w))| > 20 for all w, contradicting the assumption that
the prior distance of 7 is 9.

Consider the standard characteristic function 1. Since 0 < 17 (w) <1
for all w, and the expected value of 17 at every state is the probability of
the event H at that state, the conclusion follows. [ |

5. GETTING TO AGREEMENT

What happens when partition profiles are refined? It is straight-forward
to show that such refinements can only increase the set of priors, and there-
fore the prior distance can only decrease. More formally, let 79 < 7 <

. < T be a sequence of successive proper refinements of type spaces
with (dg, 1, . ..,0x) the corresponding sequence of prior distances of the
refinements, Then §p > d; > ... > J;. In words, ‘increasing information
can never increase (common knowledge) disagreements’.
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This naturally leads to the questions: can refinements always lead to a
common prior, and if so, how many refinements are needed to attain a com-
mon prior? Theorem 2 answers these questions.

Theorem 2. Let 1y be a positive type profile with &y prior distance, and let
To < T1 < ... be a sequence of successive proper refinements, with 6y >
01 > ... the corresponding sequence of prior distances of the refinements.
Then there is a k < (|I| — 1)|Q2| — |7o| + 1 such that 6, = 0, i.e., after at
most k proper refinements, there is a common prior.

Proof. We make use of the following result from Hellman and Samet
(2012): for a partition profile I1, if

(5) L] = ([ = D)|€2] + C(ID),

then any type profile over IT has a common prior.*

Suppose that we start with a type profile 7 of size |79|. In the ‘worst
case’, the size of the type spaces in the sequence of refinements 79 < 71 <
... increases by only one at each step; i.e., |7j41| = |7;| + 1. If a given
refinement in this sequence increases the number of common knowledge
components, it can only add 1 to the total number of common knowledge
components while at the same time the number of partition elements has
increased by 1, hence this makes no difference for the number of steps re-
maining towards the attainment of a common prior.

It follows that for ¢ = (|I| — 1)|2| — |70| + 1, the partition profile of 7,
will satisfy the condition in Equation 5, and hence 7, will have a common
prior. If the size increases by more than one in some steps, the condition
will be satisfied at some k£ < ¢, and then 7, will be guaranteed to have a
common prior. [

Note that:

(1) It does not matter what the prior distance dy is when we start the
process of successive refinements; we will always get to a common
prior.

(2) Perhaps surprisingly, the upper bound on the number of successive
refinements needed to attain a common prior is entirely indepen-
dent of ¢y and depends only on the total number of initial partition
elements. This means that no matter how far apart the players start
out and what their initial type functions are, they are guaranteed to
attain a common prior within £ refinements.

4 Recall that C' (IT) denotes the number of common knowledge components in the meet
of IT
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Geanakoplos (1994) presents a version of the well-known envelopes prob-
lem in which the players refrain from betting, not because their posteriors
are derived from common priors, but because they know that the posteriors
could have been derived from a common prior and hence they know they
cannot disagree. What we have here is an extension of this principle to all
type profiles: what count for bounding disagreements are the almost com-
mon priors. All the data needed for bounds on disagreements can be known
from the posterior probabilities, without reference to a prior stage. Indeed,
even if there was historically a prior stage, one is better off ignoring the
historical priors and considering instead the almost common priors.
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