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A novel notion of potential in population games is presented. A population game is defined,
very broadly, as any bivariate function g(x,y) on a convex set in a linear topological space.
This function may specify the payoff to an individual population member from choosing
strategy x (in a symmetric population game) or the mean payoff to individuals from playing
according to strategy profile x (in an asymmetric game), with the choices in the population
as a whole expressed by the population strategy y. These notions of population game and
potential include a number of earlier notions as special cases. Potential is closely linked with
(a general notion of) equilibrium. It increases along every improvement curve: the
population-game analog of an improvement path in an N-player game.

1 Introduction

The term population games has been in use from the early days of evolutionary game theory
(see Maynard Smith 1982 and references therein). However, it does not always carry the
same meaning. Most often, the term refers to what may be called symmetric population
games. Such games model a large population of identical agents, whose payoff g(x, y) is
determined by the action or strategy x they choose and a single second strategy, the
population strategy y, which in one way or the other reflects the collective or aggregate
action of the population as a whole. A population game may also be asymmetric. Different
population members may have different allowable actions or receive different payoffs from
choosing the same actions, or it may matter who are the other agents choosing each action.
In such cases, x and y are profiles, not single actions or strategies.

As this paper shows, it is useful in the context of population games to separate between
formalism and interpretation. A single, simple model is capable of accommodating a large
swath of interpretations, and pertain to both symmetric and asymmetric population games.
A population game is defined as any bivariate function g(x, y) whose two arguments are
elements of a convex set X in a linear topological space. In a symmetric population game, X
may be, for example, the unit simplex in an n-dimensional Euclidian space, whose elements
represent all mixed strategies with n pure strategies or actions. In an asymmetric context,
the elements of X may be functions, for example, assignments of (pure or mixed) strategies
to individual agents (i.e., strategy profiles). In this case, g(x, y) may represent the mean or
aggregate payoff to individuals who would play according to x when the actual choices of
the population members are given by y. Section 2 presents a number of such alternative
interpretations of the model, points to the examples in this paper where these
interpretations apply, and identifies the particular interpretations referred to as “population
game” elsewhere in the literature (which is very voluminous indeed; only a small sample of
papers is covered here).

The heart of the paper is Section 3, which concerns potential. It first recalls the meaning of
this concept in (asymmetric) N-player games and in symmetric such games and presents a
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couple of results that are used in the sequel. Then, a novel definition of potential in
population games is presented, which is meaningful in the broad setting introduced in the
preceding section.

An advantage of the proposed definition of potential is that it does not require straying from
the set X of strategies or strategy profiles, as it only involves the variation of the potential @
along line segments in X. By contrast, Sandholm (2001, 2015) defines potential in terms of
its partial derivatives, which generally requires extending the domain of @ beyond X. For
such extended @, Section 3.4 presents a generalization of Sandholm’s formulation which is
equivalent to the definition of potential here. In particular, a sufficient condition for @ to be
a potential for a population game g is that g is the differential of ®.

In N-player games, an obvious sufficient condition for a strategy profile to be an equilibrium
is that it maximizes the potential. Section 4 shows that in a population game, even a local
maximum point of a potential is an equilibrium. And if the potential is concave, then being a
(global) maximum point is (also) a necessary condition for equilibrium. Sufficient conditions
for the existence and uniqueness of equilibrium immediately follow from these results.

In finite N-player games, the existence of a potential implies the so-called finite
improvement property (Monderer and Shapley 1996). Starting at any strategy profile, an
equilibrium is necessarily reached if the players change their strategies one-by-one, in
whatever order, in such a way that the payoff of each player changing his strategy increases
as a result (an improvement path). Even if the game is not finite (that is, the players’ strategy
sets are not all so), the improvement is still finite in the sense that the sum of the moving
players’ payoff increments is globally bounded, as it is equal to the difference between the
values of the potential at the initial and final strategy profiles. Section 5 shows that a similar
equality holds for population games. However, improvement paths are replaced here by
improvement curves. Such curves are traced by the population strategy y as individual
population members change their choices of strategies or actions to increase their payoffs. It
is assumed that the changes involve only a small fraction of the population within any short
time interval, so that the change of y is continuous in time. A corresponding difference from
the N-player case is that the sum of the individual payoff increments is replaced here
(essentially) by an integral.

The last section of the paper presents applications.

In Section 6.1, it is shown that any N-player game with suitable strategy spaces can be
presented as a population game. Whereas the normal presentation of a game specifies the
payoff to each player for each strategy profile y, the alternative (and functionally
equivalent) population-game presentation specifies the sum of the payoffs that individual
players would get by unilaterally deviating to play according to a second strategy profile x.
For an N-player game with multilinear payoff functions, it is shown that a potential exists if
and only if the corresponding population game has a potential. Moreover, the two
potentials are the same. A corollary of this equality is a novel explicit formula for the
potential in finite games.

Certain symmetric N-player games also have a corresponding population game. And if these
symmetric games have a potential, then so do the population games. These facts are
established in Section 6.2, which then applies them to the setting of random matching in
symmetric N-player games.



A much-studied special case of the symmetric setting is that of symmetric n X n games.
These games can be viewed either as symmetric two-player games or as population games,
with each interpretation carrying its own form of potential. As an illustration, Section 6.3
compares these two potentials in the 2 X 2 case, in which a potential always exists.

A (very large) superset of n X n games is population games there X is the unit simplex in a
Euclidean space R™ and g is linear in the first argument. (Such linearity holds, in particular,
whenever g expresses an expected payoff.) For this class of games, Section 6.4 compares the
notion of potential proposed in this paper with that proposed by Sandholm (2015) and
(2001) for the symmetric and asymmetric cases respectively. It is shown that the latter
potentials are essentially a subset of the former. For example, a symmetric 2 X 2 game has a
potential according to Sandholm’s definition only if the two players’ payoff are always equal.
As indicated, this limitation does not apply to the definition of potential in this paper or to
that of potential in symmetric games.

Sandholm’s treatment of improvement curves assumes a rigid law of motion that dictates
how the population strategy (or population state) changes over time. In this paper, by
contrast, improvement curves may bend in different directions, depending on who are the
first population members to change their choices. This stands in direct analogy with
improvement paths in N-player games, several of which may pass through a given strategy
profile, with each path reflecting a different order of moves. The total improvement (of
individual payoffs) along an improvement path is given by a line integral. If the population
game has a potential, then, as indicated, this integral is equal to the potential difference
between the endpoints of the curve.

An important and familiar class of population games is nonatomic congestion games. Section
6.5 shows how some of the earlier literature about these games fits into the present
framework. It analyzes two concrete, but rather general, models, one involving a symmetric
congestion game and the other an asymmetric game, and applies to them some of the
above results.

2 Population games

A population game, as defined in this paper, is any (bivariate) function g: X> — R where X
is a convex set in a (Hausdorff real) linear topological space (for example, the unit simplex in
a Euclidean space R™). A fair number of interpretations are possible. Here is a non-
exhaustive list:

1. Symmetric population games. X is interpreted as the space of strategies, and g(x,y) as
the payoff to an individual using strategy x when the population strategy is y. The
population strategy is an encapsulated description of the choice of strategies in the
entire population. For example:

a. Strategy y is the population’s mean, or average, strategy with respect to some
nonatomic population measure u, which attaches zero mass to every individual in an
infinite population.! See Examples 2 and 6.

L An infinite population may represent the limiting case of an increasingly large population, with the
effect of each player’s action on each of the other players correspondingly decreasing. Alternatively, it
may represent all possible characteristics of players, or potential players, when the number of actual
players is finite.



b. Strategy y describes the distribution of strategies in the population. In this case, X
necessarily consists of mixed strategies, that is, probability measures on some
underlying space of actions or (pure?) strategies, and g(x, y) is linear in the first
argument and expresses the expected payoff of an individual whose choice of action
is random with distribution x. See Examples 3 and 4.

2. Asymmetric population games. X is interpreted as the space of strategy profiles. These
may represent the individual choices of actions in greater or lesser detail.

a. Each element of X may be an ordinary strategy profile in an N-player game, with
g(x,y) expressing the aggregate payoff of single players who unilaterally deviate to
play according to strategy profile x when all the other players play according to y.
See Example 1.

b. A strategy profile y may be a mapping from an infinite set of players I to an action
set A or to the space of all distributions over A. For a population strategy y, which
specifies the players’ actual choices, g(x,y) gives the mean payoff for single players
who unilaterally deviate to play according to strategy profile x. The mean is with
respect to a specified population measure u. See Example 7.

c. Astrategy profile y may instead refer to a particular partition of the set of players
into a finite number of classes of identical players, with each class possibly having a
different set of actions. In this case, y only specifies the distribution of actions within
each class. The total mass of each class is given by a population measure u. See
Examples 5 and 7.

Earlier definitions of population games are largely compatible with one or more
interpretations of the above definition.

Maynard Smith (1982) loosely describes population games as games in which the payoffs
depend on what other members of the population are doing. His actual concern, however, is
with random pairwise contests and with situations in which players are “playing the field”.
The latter possibility means that the payoff of an individual adopting a particular strategy
only depends on some average property of the population as a whole, or some section of it.

The definition of population game in Bomze and Potscher (1989) is interpretation 1.a above.
However, these authors also consider 1.b.

In Hammerstein and Selten’s (1994) definition of (symmetric) population game, X is a
compact convex set in a Euclidean space. The population is either monomorphic, meaning
that everyone uses the same element of X, or bimorphic, with one element of X used with
frequency p and another with frequency 1 — p.

Sandholm (2015; see Example 4 below) defines (symmetric) population games as the special
case of interpretation 1.a where the set of pure strategies is finite (so that X can be viewed
as the unit simplex in a Euclidean space) and g(x, y) is continuous in the second argument,
the population strategy (or population state) y. Similarly, Sandholm’s (2001; see Example 5
below) definition of asymmetric population games is effectively the special case of
interpretation 2.c where the action sets are finite and g(x, y) is linear in the first argument
and is continuous in the second argument.

2 “pure” and “mixed” are relative terms. In particular, a pure strategy may itself be a probability
vector.



2.1 Equilibrium

Depending on the interpretation of g, the number g(y, y) may represent the payoff, mean
payoff or aggregate payoff in a population with population strategy y. Any of these
interpretations suggests the following natural definition.

Definition 1 An equilibrium in a population game g is any element y € X such that

9gy) 2gxy), x€X. (1)
Here too there are several possible interpretations.

1. Inasymmetric population game, an equilibrium y is a symmetric equilibrium strategy.

The equilibrium condition (1) may mean any of the following:

a. Inamonomorphic population where everyone plays strategy y, single individuals
cannot increase their payoff by choosing any alternative strategy x. See Example 3.

b. Fora population strategy y that describes the population’s mean strategy or
distribution of strategies, and a payoff function g that is linear in the first argument,
inequality (1) expresses the condition that almost everyone in the population is
using a strategy that is a best response to y. In other words, the possibly
polymorphic population is in an equilibrium state. See Examples 2, 4 and 6.

2. Inan asymmetric population game, an equilibrium y is a strategy profile. Condition (1)
may (indirectly) assert the optimality for individual players of playing according to y.
a. With a finite number of players, the condition may be just an alternative formulation
of the Nash equilibrium condition. See Example 1.
b. With an infinite population, it may similarly mean that almost everyone in the
population would not benefit from choosing an alternative strategy. See Examples 5
and 7.

3 Potential

Potential in population games is closely related to the concept of (exact) potential in N-
player games. It is therefore useful to start with discussing this concept, first in the context
of asymmetric N-player games and then in that of symmetric games.

3.1 In N-player games

In an (asymmetric) N-player game, each player i has a strategy space X; and a payoff
function h;: X — R, where X = X; X X, X --- X X} is the space of all strategy profiles. The
game can be written as a single function, h = (hy, hy, ..., hy): X — RV,

For agame h: X — RY, a function P: X — R s an (exact) potential (Monderer and Shapley
1996) if, whenever a single player i changes his strategy, the resulting change in i’s payoff is
equal to the change in P. Formally, for all players i,

hi(x;,y—;) — hi(y) = P(x;,y_;) —P(y), x; EX;,y €X, (2)

where the notation (x;, y_;) refers to the strategy profile where player i plays x; and
everyone else plays according to y = (¥4, ¥, ..., ¥n)- Fixing x; and rearranging (2) to read

hi() = P(y) + (hi(x;,y-) —P(xi,y-)),  yEX



shows that, in a potential game, each player’s payoff is equal to the sum of P and some
function of the other players’ strategies. (Obviously, the converse is also true: any function P
having the last property is a potential.) An immediate corollary is that the potential is unique
up to an additive constant.

A useful observation (Monderer and Shapley 1996, Lemma 2.10) is that potentials of finite
games are preserved under mixed extensions. That is, in a game where the players’ strategy
spaces X; are finite sets (henceforth, pure strategies), replacing each of them with the set
A(X;) of probability measures on X; (mixed strategies) and each payoff function h; with its
multilinear extension give a game that has a potential if and only if the original game h has
one. Indeed, it is easy to see that, if condition (2) holds, then a similar condition holds for
mixed strategies of player i and mixed strategy profiles, with h; and P replaced with their
multilinear extensions. The multilinear extension of P is therefore a potential for the mixed
extension of h. In the other direction, the restriction of a potential for the mixed extension
of h to pure strategy profiles is obviously a potential for h.

A characterization of potential in finite games follows from this observation. In the next
proposition, h; denotes both the payoff function of player i and its multilinear extension.

Proposition 1 For a finite N-player game h: X — R, a function P: X — Ris a potential if
and only if

1 N
P(x) - P(y) = f Z(hi(xi,px_i + (1 -py-) —hupx_;+ (1 —p)y_))dp, x,y €X.(3)
0=

Proof. As remarked, P is a potential for h if and only if its multilinear extension, which may
also be denoted by P, is a potential for the mixed extension of h. In this case, the sum in (3)
is equal to

N
d
D (PGupxi+ (1 =p)y-) = PO p- + (1= p)y-) = - Plox + (L =p)). (&)

i=1

The necessity of condition (3) follows from this equality by integration. Sufficiency follows
from the fact that the equality in (3) reduces to that in (2) in the special case where y and x
are equal in all but the ith component (and so (x;, y_;) = x). [ |

Note that Eq. (3) provides an explicit form for the potential. For fixed, arbitrary y and any
choice of value for P(y), the value of P(x) is given by that formula for all x € X.

Proposition 1 extends to N-player games h: X — RY where for every player i the strategy
space X; is a convex set in a linear topological space and the payoff function h; is multilinear.
This is because it follows from (2) that a potential P for such a game must also be
multilinear, and therefore satisfy (4).

3.2 In symmetric N-player games

Symmetric N-player games differ from the asymmetric games considered in the previous
subsection in that the players share a single strategy space X and a single payoff function

g: X" — Rthat is invariant to permutations of its second through Nth arguments. If one
player uses strategy x and the other players use y, ..., z, in any order, the first player’s payoff

isg(x,y,..,2).



Potential in symmetric games has essentially the same meaning as in asymmetric games.
The only difference is that, here, the potential is necessarily a symmetric function, meaning
that it is invariant to permutations of its N arguments. Thus, for a symmetric game g: XV —
R, a symmetric function F: X¥ — R is a potential if

g(le'--')_g(y'Z"")=F(xiZ"")_F(in:'"); x;}’;Z;---EX; (5)
where the ellipsis (...) stands for any N — 2 elements of X.

It is easy to see that, similarly to the asymmetric case, a symmetric function F is a potential
for a symmetric game g if and only if the difference g — F is a function that does not
depend on the first argument. By the symmetry of the potential, this implies that it is unique
up to an additive constant. In addition, if g itself is a symmetric function (in other words, if
the game is doubly symmetric), then g is its own potential. This case represents a common-
interest game, where the players’ payoffs are always equal.

Proposition 2 A symmetric N-player game g: X¥ — R has a potential if and only if

gy, .. )+gyz.)+9izx . )=9gx . )+g9(zy . ..)+9x2z2..) %2 .. €X.(6)

For N = 2, the potential F: X? — R is then given by

Flx,y) =g(x,y) + 9, 2) — g(z,y), (7)
where z € X is any fixed strategy.

Proof. Subtract the equality (5) from the sum of two similar equalities, one in which x and z
are interchanged and one in which y and z are interchanged. Because of the symmetry of
the potential F, the terms in which it appears cancel out, and the result is the equality in (6).
This proves the necessity of condition (6).

To prove sufficiency, define a function F: X¥ — R by assigning to some fixed, arbitrary
point (y1,v?, ...,y") € XV the value 0 and assigning to every other point

(x1,x2, ..., xN) the sum of the players’ changes of payoffs as they move one by one to that
point from the initial point, with the order of moves determined by the players’ indices,
starting with N and ending with 1. Thus,

F(xb,x?, ., xN) = gV, yt, o, yV D) — gV, v, o yV D) + gV, xN, Y, L,y T2) (8)
—gGN L xN yl Ly 4 g6 X2, L xN) — gyt X2 L YD),

Condition (5) holds, because the first strategy x! appears on the right-hand side of (8) only
in the penultimate term. Therefore, F is a potential if and only if it is a symmetric function,
equivalently, invariant to the transposition of any two consecutive arguments x/ and x/*1.
Because of the invariance of g to permutations of its second through Nth arguments,
interchanging x’ and x/*1 does not affect any term on the right-hand side of (8) where they
both appear in those places. Therefore, the invariance boils down to the equality

1 i i . i1 o - i1 o -
gt x %2 x %3, oyl + g(xd, x0T 02 Ly — gy, 1T x0T Ly
_ i W jt2 . j+3 j 41 o . jt2 -1 i ] a2 i—1
=gt xI 2,03, Ly + gt xd, x0e, Lyl ) — gy, ) x0T Ly .

Replacing on both sides of the last equality the first term g(‘,xj+2,xj+3, ...,yj) with
g(-,yj,xj+2, ...,yj_l) (which is equal to the first because it is obtained by permutation of
the second through Nth arguments) makes the equality an instance of that in (6) (with x =
x/*1, y = yJ and z = x/). This proves the sufficiency of condition (6).



The formula (7) is obtained from (8) as a special case by setting z = y! and dropping a
constant. [ |

The remark in the previous subsection concerning mixed extensions also applies to
symmetric games. A symmetric N-player game that is the mixed extension of a finite
symmetric game has a potential if and only if the equality in (6) holds for all pure strategies
X,¥,Z,.... For N = 2, the potential F is then given by (7).

3.3 In population games

For population games, which generally represent interactions involving many identical
players whose individual actions have negligible effects on the other players, the definition
of potential may be naturally adapted by replacing the increment of the potential with a
derivative.

Definition 2 For a population game g: X? - R, a function @: X — R is a potential if

d
%db(px +A-py)=glpx+ 1 -py) —gly,px+ (1 -ply), 0<p<1Lxy€eX.(9)
Note that the requirement here is twofold: the derivative on the left-hand side of (9) exists
(as a one-sided, right or left derivative, for p = 0 or 1 respectively), and the equality holds.

It is easy to see that the potential is unique up to an additive constant. That is, the difference
between any two functions satisfying the condition in the definition is a constant function
on X.

When the potential exists, it is normally possible to present it explicitly by transforming the
differential condition in Definition 2 into an integral condition. The following theorem
concerns population games where g: X2 — R is a continuous function. Linearity of g in the
first argument means

gitx+ (A -0y, z)=tglx,z2) + (1 -t)g(y,2), 0<t<1luxyz€eX. (10)

Theorem 1 For a continuous population game g: X2 — R, a function @: X — Risa
potential if and only if

1
q>(x>—¢>(y)=f (9Copx+ A —p)y) —gOpx+ L —p)y))dp,  xyeX (11)
0

and g is linear in the first argument.

Theorem 1 is proved — and extended — by the next two propositions. Say that a population
game g: X? — R satisfies the continuity condition if the function p = g(x,px + (1 — p)y)
—g(y,px + (1 — p)y) is continuous in the interval [0,1] for all x,y € X. A sufficient
condition for this is that g is continuous in the second argument.

Proposition 3 Consider a population game g: X2 — R that satisfies the continuity condition.
A necessary condition for a function @: X — R to be a potential for g is (11). If g is linear in
the first argument, then this condition is also sufficient.

Proof. Eq. (11) follows from (9) by integration. Conversely, if (10) and (11) hold, then for
everyx,y€EXand0<t<1

O(tx + (1 —t)y) —o(y)



1
= [ £(gGupx +p(1 = 0y + (1= p)) - gO.ptx + p(1 - Oy + (L= p)y)) dp
0
t
= f g, px+ 1 —p)y) — g, px + (1 —p)y) dp,
0
where the second equality involves a change of the integration variable. Eq. (9) now follows
from the first fundamental theorem of calculus. [ ]

Proposition 4 A necessary condition for a continuous population game g: X? - R to have a
potential is that g is linear in the first argument.

Proof. Suppose that g has a potential ®@. Fixx,y,z € Xand 0 < t < 1, and write x; = tx +
(1 —t)y.For0 < € < 1, consider the strategy w defined by

w=ex;+(1—-¢€)z
=etx + (1 — €t)z,

whereZ=€(1—t)/(1 —€t) y+ (1 —€)/(1 — €t) z. As w lies on the line segment
connecting x; and z as well as on that connecting x and z, and Z lies on the line segment
connecting y and z, by the mean value theorem and Definition 2 there exist 0 <7 <€, 0 <
n' <etand 0 <n” <e(1—1t)/(1— et) such that

d
dw)~ 0@ =cq|  @px+1-p2)
p=n
= e(g(xe, nxe + (1 =1)z) — g(z,nx + (1 —1)2)),
d
b(w) — B(Z) = et%| D(px+(1-p)7)
p=n

= et(g(x,n’x +(1-n)2)—gZn'x+ (1 - n’)z‘)),

1-t d
?(2) — @(2) = €7 - P(py+ (1 —-p)z)
—etdp -
1-t " % ” ”
=€1_6t(g(y.77 y+ 1 =1"2)—g(zn"z+ (1—1n")2)).

The expression on the left-hand side of the first equation is equal to the sum of those in the
second and third equations. The same must therefore hold for the right-hand sides, and so

gxenxe + (A —n)z) —glz,nx, + (1 —n)z)
=t(gxn'x+(1-nD2)—gZn'x+ (1 —n)2)

1-t
+ 1 (90" + (1 =12 - gz 0"z + (1 —n")2)).
Taking the limit € —» 0 (hence, ,n',n" = 0 and Z - z) gives the equality in (10). [

Condition (11) provides an explicit formula for the potential. For fixed, arbitrary y € X and
any choice of value for @(y), it gives the value of ®(x) forall x € X.

The formula for the potential takes a particularly special form if g is linear in both
arguments.

Proposition 5 A bilinear population game g: X2 — R has a potential if and only if

9, +9».2) +g9(zx)=gy,x)+g9zy) +g9kx,2), xyz€X. (12)



The potential @: X — R is then given by

1
O(x) = 5(9(x,x) +g(xy) — g, 1), (13)
where y is any fixed element of X.

Proof. By Proposition 3, a necessary and sufficient condition for a function @: X — Rto be a
potential is (11), which by the linearity of g in the second argument can be written as

d(x) —P(z) = 1(g(x,x) +9g(x,z) —g(z,x) — g(z, z)), x,z €X. (14)
2

Replacing z with any fixed y, the necessity of condition (14) implies that a potential must
coincide up to an additive constant with the function defined by (13). Plugging that function
into the equality in (14) and simplifying give condition (12). [

An immediate corollary of Propositions 2 and 5 concerns games that can be viewed either as
symmetric two-player games or as population games. An important class of such games is
considered in Section 6.3.

Corollary 1 A bilinear population game g: X2 — R has a potential if and only if it has a
potential when viewed as a symmetric two-player game. In this case, a potential @: X - R
for the population game and a potential F: X? — R for the symmetric game are connected
by

d(x) = %F(x, x), x € X. (15)

3.4 Differential formulation

The term potential is borrowed from physics, where it refers to a scalar field whose gradient
gives the force field. Force is analogous here to incentive, which is expressed by the payoff
difference. The analogy can be taken one step further by connecting the payoff function g
with the differential of the potential. This requires the potential @ to be defined on a larger
set than X.

For a convex set X in a linear topological space, consider the cone
X={tx|xeX,t>0}.

For example, if X is the set of all mixed strategies, that is, all probability measures on some
set of pure strategies, then X is the set of all non-zero positive finite measures. For a
function @: X — R, consider the directional derivative in the direction % at the point 7,

d
do(£,9) = - (L2 + P). (16)

If this (right) derivative exists for all X,y € X, then the function d®: X? — R defined by (16)
is the differential of @.

Theorem 2 Let g: X? - R be a population game, and let @: X — R be a continuous
function with a differential d®: X? — R that is continuous in the second argument. The
restriction of @ to X is a potential for g if and only if there is some function ¥: X — R such
that

gx,y) =do(x,y) +¢), xyEX. 17)

10



The meaning of condition (17) is that g is “almost” given by the differential of @; the
difference between the two functions depends only on the population strategy y. Even in
the very simple case of symmetric 2 X 2 games (Example 3 below), this difference ¥ is
generally not a constant function.

The proof of the theorem is based on the following lemma.

Lemma 1 For a convex set X in a linear topological space, a continuous function ®: X — R
with a differential d®: X2 — R that is continuous in the second argument satisfies

d
%qb(px + (1 =-p)y) =de(x,px+ (1 -p)y) —de(y,px+ (1 —-p)y), 0<p <1x,y€X.(18)

Proof (an outline). Using elementary arguments, the following can be established.

FACT. A continuous real-valued function defined on an open real interval is continuously
differentiable if and only if it has a continuous right derivative.

Now, replacing ¥ in (16) with pX + ¥ gives

d -
do(X,px+9) =— d(tx +9), p=02%79€X. (19)
dt t=p+
By the above Fact, the continuity of @ and the continuity of d® in the second argument, for
0 < p < 1 the right derivative in (19) is actually a two-sided derivative and it depends
continuously on . Therefore, the right-hand side in (18) is equal to the expression

d d

— d(tx+ (1 —p)y) —— ®(px + ty),

dtle—, p)y dtl—y_, p Yy
which by the chain rule is equal to the derivative on the left-hand side. Hence, equality (18)
holds for 0 < p < 1. The validity of the equality also at the endpoints now follows from the
continuity properties of @ and do. [ |

Proof of Theorem 2. By (18), condition (17) implies (9). Conversely, if (9) holds, then together
with (18) it gives (by setting p = 0) that (17) holds for the function Y (y) = g(y,y) —
do(y,y). |

Theorem 2 may be viewed as an alternative definition of potential in population games.
While this definition is not as general as Definition 2, it may be more familiar. In particular,
the definition of potential in Sandholm (2015) is a special case. See Section 6.4.

The theorem may also be looked at from the opposite perspective. As it shows, any suitably
extendable function @ on a convex set X in a linear topological space is a potential for some
population game. That game g is the restriction of d® to X2 (which corresponds to a choice
of Y = 0in (17)).

4 Potential and equilibrium

An important property of potential is its intimate connection with the equilibria in the game.
In an N-player game, every maximum point of a potential is obviously an equilibrium. For
games where the potential satisfies a concavity and smoothness condition, the converse
also holds: every equilibrium maximizes the potential (Neyman 1997).
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In a population game g: X? - R, an equilibrium is an element y € X that satisfies condition
(1). Depending on whether the game is symmetric or asymmetric (see the discussion in
Section 2.1), y may represent either an equilibrium strategy or a strategy profile. For a game
that has a potential, the following theorem connects the potential with the game’s
equilibria.

Theorem 3 In a population game with a potential @, every strategy (profile) y that is a local
maximum point of @ is an equilibrium (strategy). If the potential @ is concave, then the
converse also holds, indeed, every equilibrium (strategy) is a global maximum point of @.

Proof. Setting p = 0 in (9) gives that a potential @ for a population game g: X? — R satisfies

d

ap Ppx+ (1A -py)=gxy)—-9g®.y), xyE€EX. (20)
p=0*

An element y € X is an equilibrium if and only if the right-hand side of the equality is
nonpositive for all x, equivalently, if and only if this is so for the left-hand side. The last
condition is implied by y being a local maximum point of @, and if @ is concave, the
condition implies that y is a global maximum point. [

It follows from Theorem 3 that a sufficient condition for a population game with a potential
@ to have at least one equilibrium (strategy) is that X is compact and @ is continuous.

A sufficient condition for a population game to have at most one equilibrium (strategy) is
that it has a strictly concave potential. This is because a strictly concave function on the
convex set X can have no more than one maximum point.

5 Finite improvement property

In an N-player game h, an improvement path of length L (= 1) is any list of strategy profile
x%,x%, ..., x¥ such that, for | = 1,2, ..., L, x! differs from x!~1 only in the strategy of a single
player i;, for whom the payoff increment hil(xl) - hil(xl‘l) is positive. Clearly, a potential
P increases along every improvement path and, moreover, the potential difference between
the endpoints, P(x%) — P(x?), is equal to the sum of the players’ payoff increments. If the
game is finite, then the monotone increase of the potential implies that h has the finite
improvement property (Monderer and Shapley 1996): the length of any improvement path is
less than the number of strategy profiles in the game. The same conclusion holds for finite
symmetric N-player games that have a potential.

Population games cannot be expected to have a property similar to the FIP even if they have
a potential, because they are not finite games. However, it is shown below that a version of
the result that the sum of the payoff increments is equal to the payoff difference between
the endpoints holds here too.

Consider a population game g: X? — R such that the topology on the space in which X lies
is induced by a norm ||||. Suppose that g has a potential : X — R that can be extended to
an open neighborhood of X in such a way that the Fréchet derivative D® (see below) exists
and its restriction to X is uniformly continuous. A rectifiable curve C in X is any continuous
function from [0,1] to X, t » y(t), such that

L
sup ) lly(t) = y ()l <o @)
=1

12



where the supremum is over all partitions P of the unit interval, that is, all finite collections
of points 0 =ty <t; <+ <t,=1,L = 1.(The supremum value represents the length of
C.) The norm of a partition P is defined as A(P) := 1rr<1la<)2(tl —t;_1)-

Theorem 4 For a population game g and a potential @ as above, and any rectifiable curve C,

L

im > (90 y(6-)) — g0t y(@) = 2GW) - 0. (22)

=1

In words, for a sufficiently fine partition of [0,1], the sum on the left-hand side of (22), which
concerns the corresponding points on the curve, is arbitrarily close to the difference
between the potential values at the endpoints.

Proof of Theorem 4. For any partition P, Eq. (20) gives that

L
PH) =2 O) — ) (90, ¥t = g0t y(61)
=1

L

d
=) |20 —o0t | @Gy +a-py@) | @)
=1 p=0

It follows from the definition of the Fréchet derivative? that

d

%qb(px +(A-py)=Do(px+ (1 -p)y)(x—-y), O0<p=<lxy€eX. (24
Therefore, by the mean value theorem, there is some 0 < p < 1 such that the expression on
the right-hand side of (23) is equal to

L
Z(Dd—"(py(tz) + (1 = p)y(t-) = DR (1)) () — y(t1-1))
=1

and its absolute value is therefore bounded by

x,yEX

L
sup ID2C) = DO % ) lly(t) = y(ti-Dll
llx=yll< max ly(eD-y(ti-ol =1

By the (automatically, uniform) continuity of y(-) on [0,1] and the uniform continuity of
D®(-) on X, the supremum in the last expression tends to 0 as A(P) — 0. It follows, in view
of (21), that both sides of (23) also tend to 0. [ |

As the next proposition shows, the equality in Theorem 1 is a special case of that in Theorem
4. For other cases in which the latter equality takes a simple form, see Section 6.4 and
Example 6.

3 The Fréchet derivative at a point y is a bounded linear functional D®(y) (whose norm is denoted
[ID@(y)||) such that (1/||h||)(<l7(y +h)—d(y) - Dtb(y)(h)) — 0 whenever ||h]| = 0. In
particular, the directional derivative in any direction x exists and is given by d®(x,y) = D®(y)(x).
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Proposition 6 If C in Theorem 4 is a line segment, that is, for some x,y € X
y®O=tx+(1-t)y, 0=<t<1, (25)
then the limit in (22) is equal to the integral in (11).

Proof. As the equalities in (9) and (24) have the same left-hand side, the expressions on the
right-hand side are equal. The equality implies that g satisfies the continuity condition
(which follows from the assumed continuity of D@ in X) and is linear in the first argument
(which following from setting p = 0). The linearity and assumption (25) give that the sum in
(22) is equal to

L
Z(tl — (g0 tox + A = 6-)y) — g, o x + (1 — -1)y)).
=1

This is a Riemann sum of the integral in (11). [ |

The significance of Theorem 4 comes from the case where C describes a gradual, continuous
change of the population strategy that results when, at every moment, a small fraction of
the population changes its choice of strategies or actions. As discussed in Section 2, the
strategies of the individual population members determine the population strategy y.
Different individual choices would yield a possibly different population strategy y'. The
expression g(y’', y) gives the mean payoff for individual population members who
unilaterally deviate to their latter strategy when everyone else chooses their former
strategy. As a special case, g(y, y) is the mean payoff when no one deviates. The mean
change of payoff from these unilateral changes of strategy is therefore given by

g, y)—g.y). (26)

By the assumed continuity of t = y(t), the population strategy y(t) changes only little
during any short time interval [t, t']. The mean change of payoff for individual population
members that results from their own change of strategy (if any) during this time interval is
therefore closely approximated by (26), with y = y(t) and y' = y(t'). Therefore, the sum
of these payoff changes throughout the entire period has a mean that is approached by the
sum on the left-hand side of (22) as the partition of [0,1] becomes finer. Theorem 4 shows
that this mean is given by the potential difference between the endpoints of C.

Individual population members may be expected to change their strategy only if they gain
from doing so. In this case, the curve C that the population strategy traces in X is an
improvement curve. Theorem 4 shows that the gains from the unilateral deviations sum up
to the difference between the values that the potential @ takes at the two endpoints — just
as they do in the N-player case. The total gains are therefore bounded by twice the
supremum of |®|.
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6 Applications

6.1 N-player games
For an N-player game h: X — RY (see Section 3.1), the function g: X2 — R defined by

N
9G0y) = D il v @7)
i=1

gives the sum of the payoffs that individual players would get by unilaterally switching to
play according to strategy profile x when all the other players play according to y. It is easy
to see that a strategy profile y € X satisfies (1) if and only if it is a (Nash) equilibrium in h.

Suppose that for every player i in h the strategy space X; is a convex set in a linear
topological space, and so the same holds for the product space X = X; X X5 X «-- X Xy.
Then, g may be viewed as a population-game representation of h. The observation in the
previous paragraph means that g and h share the same equilibria. The next theorem shows
that if each of the payoff functions in h is linear in each of its arguments, then the two
games also share the same potential. That is, if either game has a potential, then it is also
the other game’s potential.

Proposition 7 Let h: X — RN be an N-player game where for every player i the strategy
space X; is a convex set in a linear topological space and the payoff function h; is multilinear,
and let g: X2 — R be the corresponding population game. A real-valued function on X is a
potential for h if and only if it is a potential for g.

Proof. The multilinearity of the payoff functions in h implies that g is also multilinear, and
therefore satisfies the continuity condition. By Proposition 3, a function @: X — Risa
potential for g if and only if it satisfies condition (11). As remarked as the end of Section 3.1,
a function P: X — R is a potential for h is and only if it satisfies condition (3). However, in
view of (27), these two conditions are one and the same. [ |

Example 1 Finite games. Proposition 1 characterizes and gives an explicit form for the
potential in a finite N-player game, using the game’s mixed extension. As the proof of
Proposition 7 shows, this form is actually a population-game potential in disguise. It is the
potential of the population game g defined by (27).

6.2 Symmetric N-player games
For a symmetric N-player game gy: X" — R (see Section 3.2; a subscript indicating the
number of players is added here for clarity), the function g: X?> — R defined by

9(x,y) =gn(x,y, .., ¥) (28)

gives the payoff of a player playing x when all the other players play y. A strategy y € X
satisfies (1) if and only if it is (symmetric Nash) equilibrium strategy in gy .

If the strategy space X in gy is a convex set in a linear topological space, then g is a
population game. By the above observation, the equilibria in the population game are
precisely the equilibrium strategies in the symmetric game. The next proposition connects
the two games’ potentials.

Proposition 8 Let gy: XV — R be a symmetric N-player game where the strategy space X
is a convex set in a linear topological space, and let g: X2 — R be the corresponding
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population game. If gy is linear in the first argument (equivalently, if g is so) and has a
potential F: X¥ — R, then the function ®: X — R defined by

d(x) = %F(x, X, ey X)

is a potential for g.

Proof. As indicated in Section 3.2, the difference gy — F does not depend on the first
argument. Therefore, F too is linear in that argument. As F is a symmetric function, this
means that it is actually multilinear. The multilinearity and symmetry of the potential F give
that, with x, = px + (1 — p)y,

g(xrxp) _g(y'xp) = gN(x'xp: ---:xp) _gN(y'xpr "'lxp)
1d
" Ndp

d
= F(x,Xp, e, Xp) = F(¥,Xp, o0, Xp) F(xp, Xp, s Xp) = %fl)(xp).

This means that @ is a potential for g. [

Example 2 Random matching in a symmetric N-player game with a multilinear payoff
function. Random matching (Bomze and Weibull 1995, Broom et al. 1997, and many other
papers) refers to the random selection of N individuals who are matched to play a
symmetric game gy: X" — R. The strategy space X is a convex set in a linear topological
space and the function gy is multilinear. The players are picked up independently and
according to the same distribution (i.i.d.) from an (effectively) infinite population of
potential players, whose individual probability of being selected is (practically) zero.

Because of the multilinearly of gy, a player’s expected payoff depends only on the player’s
own strategy x and on the population’s mean strategy y. Specifically, the expected payoff is
expressed by the population game g: X2 — R defined in (28). As indicated, y € X is an
equilibrium in this game if and only if it is an equilibrium strategy in the symmetric game gy .
If gy has a potential F, then by Proposition 8 the potential “along the diagonal” is, up to the
multiplicative constant N, a potential for g. It follows, by Theorem 3, that a sufficient (and if
the function x = F(x, x, ..., x) is concave, also necessary) condition for y € X to be an
equilibrium in the population game g is that for all strategies x in some neighborhood of y

F(x,x,..,x) < F,y, ..., ¥).

The meaning of being an equilibrium is that, if the population’s mean strategy is y, then
(almost) everyone’s strategy is optimal: no alternative strategy would yield a higher
expected payoff in the game gy against randomly selected opponents.

6.3 Symmetric n xn games

A symmetric n X n game is a symmetric two-player game g: X? — R where the strategy
space X is the unit simplex in R™ and g can be expressed by a square, n X n (payoff)
matrix A. With strategies written as column vectors and T denoting transposition,

glx,y) =xTAy, «x,ye€X. (29)

The interpretation is that both players share a common set of n actions, and a (mixed)
strategy x = (xq, x5, ..., x,) € X specifies the probability x; with which a player chooses the
ith action, for i = 1,2, ..., n. A strategy x is pure if all the probabilities but one are zero.
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A symmetric two-player game can be viewed also as a (symmetric) population game
(Maynard Smith 1982). Instead of being matched with a specific opponent, a player is
randomly matched with other members of a large population. The population strategy y is
the mean strategy in the population, which is also the distribution of actions there. In fact, it
makes no difference whether individuals in the population are playing pure or mixed
strategies. The duality of the game — both symmetric and population game — is a special case
of Example 2, as for N = 2 there is no formal difference between the functions on the right-
and left-hand sides of (28). Only the interpretations differ.

Whether g is a potential game does not depend on the interpretation. This is shown by
Corollary 1, which in addition shows that a potential F: X? > R for g as a symmetric game
and a potential @: X — R for it as a population game are connected by (15).

Example 3 Symmetric 2 X 2 games. Every symmetric 2 X 2 game g, with payoff matrix A =
(aij)iz,jzl, is a potential game, with the potential

F(x,y) = (a1 — az1)x1y1 + (az; — a12)x2y,. (30)

(The arguments of F are mixed strategies, x = (x1,x;) = (x1, 1 —xy) andy = (y1,¥2) =
(y1,1 —y4).) This is because F is evidently a symmetric function and its difference from g is
a function that depends only on the second argument y, as it is easy to check that g(x,y) —

F(x,y) equals Y(y) = a1 y; + a12y>.

The same conclusion can also be deduced from g being the mixed extension of a finite
symmetric game with only two strategies. That game trivially satisfies condition (6), because
at least two of any (pure strategies) x, y, z are identical. As remarked at the end of Section
3.2, this fact means that g also has a potential, which is given by formula (7). Choosing z =
(0,1) in (7) and subtracting the constant a,, give (30).

As a population game, g has the potential

10)) =1 _ 2 1 — 2
) > (a11 — az)xi + > (azz — as2)x3.

This fact follows immediately from Corollary 1 or from Proposition 8, as @ satisfies (15). It
can also be verified by checking that the condition in Definition 2, Theorem 1 or Theorem 2
holds. For the latter theorem, note that

do(x,y) =F(x,y), xy€X, (31)
and therefore (17) holds with the 1 defined above.

The quadratic function @ is strictly concave if and only if a;; + ay; < a4 + ay1. In this case,
by Theorem 3 and the remarks following it, the unique strategy y = (y1,¥2) = (1, 1 — y2)
maximizing @ is the unique (Nash) equilibriumin g.

If the above inequality does not hold, equivalently, if @ is convex, then it is locally maximized
at one or both end points. By the same theorem, this means that the population game g has
at least one pure-strategy equilibrium. Such an equilibrium describes a monomorphic
population in which everyone is using the same action. An equilibrium y that is not pure may
exist too. Such an equilibrium may represent either a monomorphic population, in which
everyone uses the mixed strategy y, or a polymorphic population, in which y is the mean
strategy.
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6.4 Population games on the unit simplex

Many applications involve populations games g: X2 — R such that X is the unit simplex in a
Euclidean space R™ and g is linear in the first argument. (Symmetric n X n games are the
special case where g is linear also in the second argument.) Writing x = (x1, X5, ..., X,,) € X
as Xi—; x;jej, where {ey, e,, ..., e} is the standard basis in R", the linearity means that

gey) =x-f(y), xy€X, (32)
with the dot denoting scalar product and f = (fi, f2, ..., fn): X — R™ defined by
i) =ge,y), j=12,..,n (33)

The next proposition characterizes the potential of g, if it exists. It concerns a candidate
function on the unit simplex that has a smooth extension to the whole nonnegative orthant.

Proposition 9 Let g: X? — R be a population game where X is the unit simplex in R™ and g
is linear in the first argument (and so has the presentation (32)), and let ®: R}? — R be a
continuously differentiable function. The restriction of @ to X is a potential for g if and only
if there is some function 1: X — R such that

0P
i) =a—y_(y) +y(),  yeXj=12..,n (34)
J

The proposition readily extends to population games where X is the product of several
simplices. The extension is outlined at the end of this subsection.

Proof of Proposition 9. The necessary and sufficient condition in Theorem 2 for (the
restriction of) @ to be a potential can be written as

gl,y) =x-Vo(y) +y(y), xyE€EX,

with V@ denoting the gradient of @. It follows from (32) that this condition is equivalent to
(34). [

An explicit formula for the potential can be derived from Proposition 9. Assuming that the
vector-valued function f is continuous, consider its line integral along a piecewise smooth
curve C € X that starts at a point y and ends at a point x. By (34),

[1@-dz= [ @o@) +p@e) - dz = 2 - 2, 35)
c ¢

wheree = (1,1,..,1). (Ase -z = 1forall z € X, e - dz = 0.) This equation shows that the
line integral of f is path independent and also that, for any fixed starting point y € X, the
potential can be presented as

d(x) = ff(z) - dz + constant, x € X.
¢

Eqg. (35) is nothing but Eq. (22), adapted to the present context. This follows from (32), which
gives that the sumin (22) is equal to

L
D FOED) - (@) - y(D),
=1

and so the limit in (22) is, by definition, the line integral presented in (35).
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The significance of the last finding is that, at shown in Section 5, it means that, if C is an
improvement curve representing the evolution of the population strategy as individual
population members unilaterally change their choice of strategies and increase their payoff
as a result, then the aggregate of these individual gains is given by the line integral in (35).
By either that equation or (22), the aggregate gain is also equal to the potential difference
between the endpoints of C.

The last conclusion has much similarity with Lemma 4.1 in Sandholm (2001), which concerns
evolutionary dynamics, that is, a vector field V: X — RR"™ defining an equation of motion x =
V(x) (with the dot indicating time derivative). However, a fundamental difference between
the present setting and Sandholm’s is that, here, there is no assumption about who are the
individuals changing their strategy choices at each moment (among those who can gain from
doing so), and therefore an improvement curve may turn in different directions. This is a
direct analog of an improvement path in an N-player game, which may go in different
directions depending on the order of moves. Evolutionary dynamics, by contrast, assumes
that a population strategy y may change in only one direction, that specified by V(y). The
conformance with the individuals’ incentives is achieved by what Sandholm calls the positive
correlation assumption:

V(x) - f(x) >0 whenever V(x) # 0.

The assumption implies that a potential @ is a Lyapunov function for the evolutionary
dynamics. That is, it increases along the solution trajectories of x = V(x). These trajectories
are the specific improvement curves picked up by V.

It should be noted that Sandholm’s notion of potential is somewhat more restricted than in
this paper. A more detailed examination of his models in light of the present setting follows.

Example 4 (Sandholm 2015) The unit simplex X in R™ represents all distributions over a set
of n possible actions. Each user in a continuum of total mass 1 has to choose an action. The
proportion y; of users choosing each action j defines the population strategy (or population
state) y = (y1,¥2, -, ¥n) € X. The payoff from choosing action j is given by f;(y), where
fj:X — Ris a continuous function. A mixed strategy x € X therefore yields the payoff
g(x,y) given in (32). The population strategy y is said to be a Nash equilibrium if every
action used by a non-zero fraction of the users is payoff-maximizing. This condition is easily
seen to be equivalent to (1).

Suppose that the function f = (fy, f2, ..., f): X — R™ has a continuous extension (which is
also denoted by f) to the entire nonnegative orthant R’}. Sandholm (2015) calls a
continuously differentiable function @: R? — R a potential function if f = V&, or more
explicitly

a0 .

i) =-—0O), yeERLj=12,..,n (36)

This definition corresponds to the special case of (34) where Y = 0. It is similar to the

meaning of potential in mathematical physics, where f represents a vector field, a force

field for example. The existence of a potential function means that f is a conservative vector

field. If f is continuously differentiable, then a necessary and sufficient condition for this is
%% _ o

=k i k=1.2,..,n 37
Oyr  0y; g G
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By Proposition 9, condition (36) is sufficient for @ to be a potential for the symmetric
population game g: X2 — R in the sense of Definition 2. However, it is not a necessary
condition, and is in fact unnecessarily restrictive as it only picks up potentials @ for which ¥
in (34) is identically zero. A symmetric population game may well have a potential even if f
is not a conservative vector field.*

Consider, for example, a symmetric n X n game g: X2 — R, viewed as a population game.
With the notation in Section 6.3,

f) =4y, yEeEX.

Condition (37) therefore means that the payoff matrix 4 is symmetric, equivalently, g is a
symmetric function. As indicated in Section 3.2, this represents the very special case of a
doubly symmetric game: a common-interest game. A potential may exist alsoinn X n
games where A is not symmetric. Indeed, for n = 2 (Example 3), it exists for all A.

Example 5 (Sandholm 2001) In an asymmetric version of Example 4, a unit-mass continuum
of users is divided into a finite number r of classes of identical users. Class k (= 1,2, ..., 1)
has total mass m* > 0. Each of its members needs to choose one of a finite number of
actions, numbered from 1 to nk. The total number of actions is therefore n = k=1 nk. A
population strategy y specifies the mass of users choosing each action. It is thus an n-tuple
where the first n! coordinates y;1, 12, ..., Y11 refer to class 1 (and therefore constitute a
vector in the unit simplex in R multiplied by m?), the next n? coordinates refer to class 2,
and so on. The set X € R of all possible population strategies is therefore the product of r
simplices, each of which is a scaled unit simplex in a Euclidean space.

The payoff for members of class k (= 1,2, ..., 7) from choosing action j (= 1,2, ., nk)is
fxj(¥), where fi.;: X — Ris a continuous function. The population strategy y is said to be a
Nash equilibrium if, in each class, every action used by a non-zero fraction of users is payoff-
maximizing. This condition is easily seen to be equivalent to y being an equilibrium (in the
sense of Definition 1) in the asymmetric population game g: X?> — R defined by (32). The
interpretation of g(x, y) is that it gives the mean payoff to individual users (of all classes)
who unilaterally deviate to play the mixed strategy specified by x for their class (with
frequencies interpreted as probabilities) when the actual population strategy is y.

Suppose that the function f = (fi1, ..., f1nt, f21) «r fon2s o frnr): X — R™ hasa
continuous extension, which is also denoted by f, to the entire nonnegative orthant R’ .
Sandholm (2001) calls a continuously differentiable function @: R} — R a potential
function if f = V@, or more explicitly

0P
frej ) = F(y), yeRY, k=12,..,r j=12,..,nk (38)

kj

Thus, as in Example 4, the existence of a potential function means that f is a conservative
vector field. However, again, while (38) is sufficient for @ to be a potential also in the sense
of Definition 2, it is not necessary. The population game g defined above may have a
potential even if f is not a conservative vector field. This fact follows from a straightforward

4 As shown above, a necessary condition for the existence of a potential is that the line integral of f in
X is path independent. The condition that f is a conservative vector field is equivalent to the stronger
condition of path independence in the entire positive orthant R7.
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extension of Proposition 9. The extended result states that the restriction of a continuously
differentiable function @: R} — R to a set X € R} as above is a potential for a population
game g: X?> — R of the form (32) if and only if it satisfies a condition similar to (34) in which
the index j is replaced with the double index kj and 1(y) is replaced with a class-specific

Y (¥). Condition (38) only picks up the case where all the ;s are identically zero.

6.5 Nonatomic congestion games

An important class of population games is nonatomic congestion games, which model the
negative externalities of resource use with a continuum of users. Such games can be
symmetric (e.g., Milchtaich 2012, 2021), with all the users identical, or asymmetric (e.g.,
Milchtaich 2000, 2004), with different users potentially facing different choices or receiving
different payoffs from making identical choices. The following two examples present one,
specific model of each kind.

Example 6 Symmetric nonatomic congestion game. An infinite population I of identical
users share a finite number n of common resources (for example, road segments). Each user
i € I has to choose a subset of resources (for example, a route, comprising several road
segments), which can be expressed as a binary vector o (i) = (04 (i), 0, (i), ..., 6, (i), with
aj(i) = 1 or 0 indicating that resource j is included or is not included, respectively, in i’s
choice. The vector must belong to a specified (finite) collection S € {0,1}", which describes
the allowable subsets of resources (for example, all routes from town A to town B). A pure
strategy profile is a mapping a: I — S such that for each resource j the set of all i with

crj(i) = 1 is measurable in the sense that it belongs to a specified o-algebra 7 of subsets of I.
The load on each resource j is then defined as the measure of its set of users with respect to
a specified nonatomic probability measure on (I, 7), the population measure u. The load Vi
can therefore be written as

;= [ o0 duco.

The load vector y = (¥4, V2, ..., V) = J o(i) du(i) is also the population’s mean strategy.
This vector, the population strategy, lies in the convex hull of S, a compact subset of
[0,1]™ denoted X.

The cost of using each resource j (for example, the time is takes to traverse a road) depends
on the load y; and is given by ¢; (yj), where ¢;: Ry — Ris a continuous and strictly increasing
cost function. The total cost for user i is the sum of the costs of the resources included in i’s
choice, 2?:1 crj(i)cj(y]-). The user’s payoff is the negative of the cost. A natural, linear
extension of the payoff to mixed strategies® x = (xq, x5, ..., X,,) € X is given by

n

glx,y) = —Z xjc;j(y;) = —x - c(y),

Jj=1

where ¢(y) = (c;(71), c2(¥2), -, € (3))- This formula defines a population game g: X2 —
R.

> Note that such mixtures, which are weighted averages of the elements of S, are generally not
probability vectors.
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The function @: X — R defined by

®(x) = —;fjcj(t) dt

is a potential for g. This fact follows from Theorem 2, as the expression defining @ is actually
meaningful for all x € R? and it is not difficult to check that (17) holds, with i = 0. Since
the cost functions are continuous and strictly increasing, the function @ is continuous and
strictly concave. Therefore, by Theorem 3 and the remarks following it, the population game
g has exactly one equilibrium y, which is the unique maximum point of @ in X.

The interpretation of the equilibrium condition is as follows. Since the population measure u
is nonatomic, there exists a pure strategy profile o having the equilibrium y as its load
vector. By the equilibrium condition (1), expressed in terms of costs,

y-c(y) = gﬂei)rg(x cc) <o -cy)

for all i € I. However, the expression on the left-hand side is the integral with respect to u
of that on the right-hand side, which implies that the (weak) inequality must hold as equality
for (u-) almost all users i. Thus, in g, almost everyone uses one of the least costly resources.

If a population strategy y is not an equilibrium, then for any pure strategy profile o
corresponding to y there is a profile ¢’ such that forall i € I

o'(@-cy) =o(d)-cly)

and the inequality is strict for all i in some subset of I of positive u-measure. The mean gain
for users from unilaterally shifting from playing according to o to playing according to ¢’ is
given by

- =y)-c),

where ¥’ = [ ¢'(i) du(i). The same expression gives the first-order approximation of the
mean gain if the strategy changes are not unilateral but rather all users, in whatever order,
actually change from playing according to o to playing according to o’. (While these strategy
changes take place, the argument of ¢ changes; it does not remain y. However, the effect of
these changes of the population strategy on the players’ mean payoff is of a second order.)
Therefore, if users keep on changing their strategies in this manner, with only a small
fraction of them doing so during any short time interval, the mean total gain for users from
their own changes of strategy is given by the line integral

—fcc(z) -dz,

where C is the improvement curve traced in X by the changing population strategy. (This
assumes that the integral is well defined, which is the case if C is rectifiable.) By Theorem 4
(see also Section 6.4), the mean total gain is equal to the difference between the values of
the potential @ at the two endpoints of C.

Example 7 Asymmetric nonatomic congestion game. A finite or infinite set I of
representative players is endowed with a population measure u, which is a probability
measure defined on a o-algebra J of subsets of I. Each i € I may be either a single user, as
in Example 6, or represent a continuum of identical users, with the latter possibility
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necessarily holding if u({i}) > 0. There are n resources, of which exactly one has to be
chosen by each user. A mixed strategy profile is a measurable mapping x: I — A, where A is
the unit simplex in R™. For each i € I, the mixed strategy x(i) = (x; (i), x5 (i), ..., x,(i)) is a
probability vector, which may represent two things. If i is a single user, then x (i) expresses
the probability with which the user chooses each of the n resources. If i represents a
continuum of users, then x(i) gives the frequencies of the different resources in these users’
choices.

For a mixed strategy profile y, the cost of resource j is ¢;(u(y;)), where ¢;: R, — Risa
continuous and strictly increasing cost function and ,u(yj) is shorthand for the integral
flyj(i) du(i), which is the load on j. Representative player i gets from using j also a
constant benefit (or cost, if negative) offj(i), where fj I — Ris an integrable function,
that is, an element of L*(I, 7, 1t). The payoff for i from using resource j is therefore fi(@ -
¢;j(u(y;)), and the payoff from using a mixed strategy x(i) = (x (i), x2(D), ..., x, (D)) is

> 50 (H0 - 5woD).

j=1
The formula

n

9(0y) f > 50 (FO - w0 du® = (1) ) &)

j=1

gives the mean payoff for individual users who unilaterally deviate and choose according to
x when everyone else chooses according to y. (Note that these are not the representative
players who deviate but the individual users they represent.) This formula defines a
population game g: X2 — R, where X is the space of all mixed strategy profiles. X is
obviously a convex set, and it follows easily from Alaoglu’s theorem that it is also a compact
set if viewed as a subset of (L*(1,7, u))™ with L* endowed with the weak* topology (as the
dual space of L1).

The function @: X — R defined by

ulxj)

®(x) =zn: n(xifj) — f ci(t) dt

is a potential for g (Milchtaich 2004). As in Example 6, this fact follows easily from Theorem
2, using the linearity of integration with respect to u. Since the cost functions are continuous
and increasing, the potential @ is easily seen to be continuous and concave. Therefore, by
Theorem 3 and the remark following it, the set of equilibria in g is the (nonempty) set of
global maximum points of &.

The meaning of the equilibrium condition (1) for a mixed strategy profile y is that for (u-)
almost all representative players i

2 3@ (50 = gu) = max (£ = g W),
j=1

The equality means that the mixed strategy y (i) assigns positive probability only to payoff-
maximizing resources.

23



References

Bomze, I.M., Pétscher, B.M., 1989. Game Theoretical Foundations of Evolutionary Stability.
Springer, Berlin.

Bomze, I.M., Weibull, J.W., 1995. Does neutral stability imply Lyapunov stability? Games and
Economic Behavior 11, 173-192.

Broom, M., Cannings, C., Vickers, G.T., 1997. Multi-player matrix games. Bulletin of
Mathematical Biology 59, 931-952.

Hammerstein, P., Selten, R., 1994. Game theory and evolutionary biology. In: Aumann, R.J.,
Hart, S. (Eds.), Handbook of Game Theory with Economic Applications, vol. 2. North-Holland,
Amsterdam, pp. 929-993.

Maynard Smith, J., 1982. Evolution and the Theory of Games. Cambridge University Press,
Cambridge, UK.

Milchtaich, I., 2000. Generic uniqueness of equilibrium in large crowding games.
Mathematics of Operations Research 25, 349-364.

Milchtaich, 1., 2004. Social optimality and cooperation in nonatomic congestion games.
Journal of Economic Theory 114, 56-87.

Milchtaich, 1., 2012. Comparative statics of altruism and spite. Games and Economic
Behavior 75, 809-831.

Milchtaich, 1., 2021. Internalization of social cost in congestion games. Economic Theory 71,
717-760.

Monderer, D., Shapley, L.S., 1996. Potential games. Games and Economic Behavior 14, 124—
143.

Neyman, A., 1997. Correlated equilibrium and potential games. International Journal of
Game Theory 26, 223-227.

Sandholm, W.H., 2001. Potential Games with Continuous Player Sets. Journal of Economic
Theory 97, 81-108.

Sandholm, W.H., 2015. Population games and deterministic evolutionary dynamics. In:
Young, H.P., Zamir, S. (Eds.), Handbook of Game Theory, vol. 4. North-Holland, Amsterdam,
pp. 703-778.

24


https://econ.biu.ac.il/sites/econ/files/shared/staff/u36/papers/value.pdf
https://econ.biu.ac.il/sites/econ/files/shared/staff/u36/papers/sympathy.pdf
https://econ.biu.ac.il/sites/econ/files/shared/staff/u36/papers/continuum.pdf

	POTENTIAL IN POPULATION GAMES
	1 Introduction
	2 Population games
	2.1 Equilibrium

	3 Potential
	3.1 In 𝑁-player games
	3.2 In symmetric 𝑁-player games
	3.3 In population games
	3.4 Differential formulation

	4 Potential and equilibrium
	5 Finite improvement property
	6 Applications
	6.1 𝑁-player games
	6.2 Symmetric 𝑁-player games
	6.3 Symmetric 𝑛 × 𝑛 games
	6.4 Population games on the unit simplex
	6.5 Nonatomic congestion games

	References

