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ON THE CONSISTENCY OF BOOTSTRAP TESTING
FOR A PARAMETER ON THE BOUNDARY OF THE
PARAMETER SPACE

G1USEPPE CAVALIERE*, HEINO BOHN NIELSENT, AND ANDERS RAHBEK '

ABSTRACT

It is well-known that with a parameter on the boundary of the parameter
space, such as in the classic cases of testing for a zero location parameter or
no ARCH effects, the classic nonparametric bootstrap — based on unrestricted
parameter estimates — leads to inconsistent testing. In contrast, we show here
that for the two aforementioned cases a nonparametric bootstrap test based on
parameter estimates obtained under the null — referred to as ‘restricted bootstrap’
— is indeed consistent. While the restricted bootstrap is simple to implement in
practice, novel theoretical arguments are required in order to establish consistency.
In particular, since the bootstrap is analyzed both under the null hypothesis and
under the alternative, non-standard asymptotic expansions are required to deal
with parameters on the boundary. Detailed proofs of the asymptotic validity of the
restricted bootstrap are given and, for the leading case of testing for no ARCH, a
Monte Carlo study demonstrates that the bootstrap quasi-likelihood ratio statistic
performs extremely well in terms of empirical size and power for even remarkably
small samples, outperforming the standard and bootstrap Lagrange multiplier
tests as well as the asymptotic quasi-likelihood ratio test.

KEYWORDS: Bootstrap; Boundary; ARCH; Location model.
JEL CLASSIFICATION: C32.

1 INTRODUCTION

In economics and econometrics, it is a well perceived fact that the finite sample proper-
ties of hypothesis tests, when based on asymptotic inference, can be quite poor. In such
circumstances, it is also known that the bootstrap, when correctly implemented, can be
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an important device for improving upon the finite sample size properties of such tests.
In addition, the bootstrap can also be an effectively tool for retrieving the asymptotic
distributions of tests statistics when such distributions depend on unknown parameters
or do not have closed form expressions; see e.g. Davidson and MacKinnon (2006) and
references therein.

Many important econometric testing problems with considerable relevance in appli-
cations, however, involve parameters which are on a boundary of a parameter space (as
often defined by inequality, or mixed equality/inequality, constraints) under the null
hypothesis. Examples include tests for no ARCH effects (Andrews, 2001) and tests
for parameter constancy in random coefficient models (Andrews, 2001; Carrasco and
Gregoir, 2002). When a parameter is on a boundary — such that standard regularity
conditions fail to hold, leading in general to non-standard inference (Gouriéroux, Holly
and Monfort, 1982) — it is well understood that the bootstrap is invalid, not only for
obtaining asymptotic refinements but even for consistent estimation of the (first-order)
asymptotic distributions of interest. See e.g. Horowitz (2001, p.3169), or Heckman,
Smith and Clements (1997, p.530). A formal counterexample on the validity of the
bootstrap is given in Andrews (2000) who shows, for a simple location model with one
dimensional parameter space defined by an inequality constraint, invalidity of the clas-
sical nonparametric bootstrap — that is, the bootstrap based on unrestricted parameter
estimates.

In this paper we contribute to this literature by focusing on testing the hypothe-
sis that a parameter lies on the boundary of the parameter space. We establish that
an alternative and simple nonparametric, ‘restricted bootstrap’ test, i.e. based on pa-
rameter estimates obtained with the null hypothesis imposed, can indeed be a useful
and effective method for consistent testing on the boundary of the parameter space.
We do so in terms of two well-known examples. The first is, as mentioned, the case
of testing for a = 0, where « is a location parameter with bounded parameter space
a > 0 for a sample of i.i.d. random variables with known scale; see Andrews (2000).
The second deals with testing for a constant parameter in random coefficient models
or, equivalently in terms of the Gaussian ARCH model, testing for no ARCH effects.
This example is a special case of testing for no GARCH effects as discussed in Andrews
(2001). For both cases we establish validity of the restricted bootstrap test, both under
the null hypothesis and, importantly, also under the alternative. While this turns out
to be straightforward for the location model, it is more involved for the ARCH case
where validity of the our bootstrap test is achieved by verifying non-standard regularity
conditions for inference on parameters on the boundary of the parameter space (An-
drews, 1999, 2001), which are here modified for the application of our new bootstrap
theory arguments. In particular, in the bootstrap case the non-standard asymptotic
expansions required to deal with parameters on the boundary involve the introduction
of pseudo-true parameters for the bootstrap data generating process. This is because
in order to establish bootstrap validity, such non-standard asymptotic expansions have
to be analyzed both under the null and crucially, under the alternative. While this is
not strictly required for standard asymptotic inference, it is however a key step of the



proof of validity of the bootstrap test. The use of the restricted bootstrap as a promis-
ing alternative approach to the classic bootstrap was studied for a different case of
non-standard inference in terms of nonstationarity and co-integration analysis in Cav-
aliere, Rahbek and Taylor (2012), Cavaliere, Nielsen and Rahbek (2015) and Boswijk,
Cavaliere, Rahbek and Taylor (2015). Notably, the theory therein does not allow for
inference with parameters on the boundary of the parameter space.

It is worth stressing that, with respect to Andrews (2000), our focus is not on
bootstrap approximations of the distribution of an estimator when a parameter may
or may not lie on the boundary of the parameter space. Instead, we are interested in
bootstrap-based (likelihood ratio) testing of the hypothesis that a parameter lies on
the boundary of the parameter space. While Andrews’ (2000) results imply that the
standard, unrestricted bootstrap cannot be used for testing an hypothesis of this kind,
in contrast we show for the two cases previously mentioned that the restricted bootstrap
can indeed be successfully used in order to construct a consistent test.

The paper is organized as follows. Section 2 establishes consistency of bootstrap hy-
pothesis testing in the location model with restricted parameter space, while in Section 3
this is generalized to the case of no ARCH effects. In Section 4 Monte Carlo simulations
provide empirical rejection frequencies under the null as well as under the alternative
for the quasi-likelihood test of no ARCH effects. The study includes ¢-distributed as
well as Gaussian innovations, and compare the proposed restricted bootstrap with the
classical (standard and bootstrap) Lagrange multiplier test (see Engle, 1982) and the
asymptotic test based on Andrews (2001). Section 5 concludes. All proofs and hence the
new asymptotic bootstrap arguments needed for the results in Section 3 are collected
in the appendix.

NoTATION: We use P*, E* and V* respectively to denote probability, expectation

and variance, conditional on the original sample. With = (%) and 2, we denote weak
convergence (in probability), and convergence in probability, respectively, as the sample

size T" diverges. Moreover, for a given sequence X;. computed from the bootstrap data,
X} —X = 05(1), in probability, or X7 7, X, mean that for any e > 0, P*(|| X3 — X|| >
€) 50, as T — oo. Similarly, X7 = O; (1) in probability means that, for every e > 0,
there exists a constant M > 0 such that, for all large T', P(P*(||X5|| > M) < €) is

arbitrarily close to one. Also 2 denotes equality in distribution. Finally, I(-) denotes
the indicator function and x := y means that = is defined by .

2 LOCATION MODEL
As the first motivating simple example consider the location model given by
Xt =a+ Ety

fort =1,2,...,T, and where {g; : t > 1} denotes a sequence of independent and identi-
cally distributed (i.i.d.) N(0, 1) random variables. The parameter space for « is given
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by © := {a € R | @ > 0}, and the hypothesis of interest is Hy : @« = 0. The unrestricted
(Gaussian) maximum likelihood estimator (MLE) of « is given by d7 = max {0, X1},
where X := 71 Zthl X;, while the restricted MLE is & = 0. The likelihood ratio
(LR) statistic Qr for Hy satisfies, under Hy and as 7" — oo,

Qr = Té5 2 Qs := (max {0, Z})?, (1)

where Z is N (0, 1) distributed; see Andrews (2001). Note also that under the alterna-
tive, Q7 — oo at the rate of T.

The unrestricted (or classic) bootstrap addressed in Andrews (2000) generates the
bootstrap process { X} : t < T} as

X{ =ar +¢j, (2)

where £} is sampled independently (conditional on the data) and with replacement from
the (possibly centered) unrestricted residuals {&; : t < T'}, &, := X; — a7, and is based
on the LR statistic of the simple null hypothesis that o = &p. The elegant arguments
in Andrews (2000) imply that the bootstrap LR statistic does not converge (weakly in
probability) to @ under Hy.

Consider now a restricted bootstrap test, based on estimation under Hy. In this case
the bootstrap sample {X; : ¢t < T'} is generated by

X =ar+e¢; =¢j, (3)

where ar = 0 is the restricted MLE of o and ¢} is sampled with replacement from the
centered residuals imposing the null, {&; — &7 : t < T} with &p = T1 Zthl g, and
&, = X; — ar = X;. The bootstrap unrestricted MLE of « is &} = max{0, X%}, while
the restricted is &} = 0 such that the bootstrap LR statistic for Hy can be explicitly
expressed as

Qp = Tar. (4)
By Theorem 1 below, (5. converges weakly in probability to (), for any value of the
true parameter ay € ©. That is, the restricted bootstrap is consistent in the sense that
the bootstrap mimics the correct (null) limit distribution o, under the null oy = 0,
while remaining bounded in probability under the alternative. Note that Theorem 1
does not require {X; : t > 1} to be Gaussian, and the restricted bootstrap LR test can
thus be seen as a valid quasi maximum likelihood (QML) test.

THEOREM 1 Let {X;:t > 1} be an i.i.d. sequence with E (X;) = ag € © and V (X;) =
1. Then for the bootstrap LR statistic defined in (4), as T — oo, Q% gp @ where Q4
is given by (1).

The proof of Theorem 1 follows by applying standard results from bootstrap theory.
Specifically, the result holds as by definition Q% = Ta}? = (max{0,7"/2X%})? with
T2 X% w—*>p Z using e.g. Theorem 23.4 in van der Vaart (1998).



REMARK 2.1 Theorem 1 implies that the restricted bootstrap is consistent, since (i)
under Hy, it replicates the correct null limiting distribution, and (ii) when Hy does not
hold, Q7 = O; (1) (in probability) while Q7 diverges to infinity, thereby implying that
the bootstrap test rejects Hy with probability tending to one. The result in Theorem 1
is even stronger, since it states that the bootstrap replicates the correct null asymptotic
distribution even when the null is false.

REMARK 2.2 Theorem 1 also holds if the bootstrap shocks &} in (3) are obtained by
i.i.d. resampling of the (centred) unrestricted residuals, {&; — &7 : t < T} with & :=
T! Zthl &, and &, := X; — G, or if they are obtained parametrically (for instance, if
ef, conditionally on the original data, is i.i.d. N (0, 1), see also Andrews, 2000, p.402).

REMARK 2.3 It is worth noting that Andrews (2000) provides alternative methods for
estimating the asymptotic distribution of the unrestricted estimator &p. For instance,
he shows that the ‘m out of n’ bootstrap (where the bootstrap sample is m, with m =
o (T)) consistently estimates the distribution of &y irrespectively of the true parameter
to be on the boundary or not. A further alternative solution is to apply the unrestricted
bootstrap to a standard, one-sided t test, which would be asymptotically valid for
nominal levels below 1/2. Unreported simulations show that when the emphasis is on
testing Hy, the restricted bootstrap proposed here is the one performing better in terms
of finite sample size and power.

3 ARCH

Next, we discuss the problem of testing for no ARCH effects. Although the analysis of
validity of the bootstrap for the ARCH case requires new non-standard arguments and
results (in particular in order to show validity of the bootstrap under the alternative),
bootstrap consistency is established under mild assumptions.

Consider the ARCH model of order one for {X, : ¢ > 1} as given by

X; =04 (0) z, U? 0) =w+ oeXf,l, 0 = (a, w)' (5)

with X, fixed in the statistical analysis and where {2, : ¢ > 1} is an i.i.d. sequence with
E(%z) = 0 and V(z) = 1. The hypothesis of interest is Hp : & = 0, which corresponds
to the case of no ARCH effects.

Using the same framework as in Andrews (2001) for GARCH and random coefficient
models, which nest our model as a special case, we let Ly (6) denote (up to a constant)
the Gaussian log-likelihood function based on 7' observations,

Lr(0) = 0 0). 6(0) = =3 (loga (0) + 357 (©

The parameter space is defined as © := {(a,w) € R?* |0 < a < ap, 0 < wy <w < wy}
(cf. Andrews, 2001, eq. (2.2)), which restricts the ARCH parameter a to be nonnegative
and bounds the conditional variance intercept parameter, w, away from zero. Note that



this is a special case of the GARCH example in Andrews (2001), and as there the true
parameter 6y := (ag,wp)’ is assumed to be in © such that the restrictions defining ©
are only binding possibly at ag = 0 (this excludes, without loss of generality, cases
where wg = wy, or wy = wy). Denote by Op = (éep,or)" the unrestricted quasi MLE
(QMLE) maximizing Ly () over ©, and accordingly, by 07 = (ér,@r) = (0,&7)
the restricted QMLE maximizing over Oy C O, where Oy := {(a,w) € R* | a = 0,
0<wp <w<uwpy}.

It follows from Andrews (2001, p.711) that under standard regularity conditions, see
Assumption A below, when Hy holds the quasi LR (QLR) statistic Qr := 2(Lr (A7) —

L1 (7)) satisfies, as T — oo,

Qr = Qoo = c(max{0, Z})?, (7)

with Z denoting a N (0,1) random variable and ¢ := (k — 1)/2, with x := E(z}}).

As for the previous i.i.d. location model case we consider the restricted bootstrap as
opposed to the inconsistent unrestricted bootstrap in Andrews (2000). For the restricted
bootstrap, define the bootstrap process {X; : ¢ < T}, in terms of the restricted QMLE
o7, ) i

X = 07(0r)2, o(0r) = Qr, (8)
with z; sampled with replacement from the standardized residuals from restricted es-
timation. That is, with %, := X;/0,(f7) and 2} := (3, — 27)/ (T S, (G — Z1)%)'/2,
Zp:=T"' 31, %, the bootstrap shocks {2 : t < T'} are drawn (with replacement) from
Fr(z) :=T7' 3], I(3; < z) such that, conditionally on the original data, E* (z;) = 0
and V* (z) = 1. The bootstrap QLR statistic Q% is

Q= 2(Ly(07) — Li(07)), 9)

with L% (6) the log-likelihood in (6) with X} inserted. Moreover, 0, = (a4, &%) and
07 = (&%, &%) maximize L% (6) over Oy and © respectively.
In order to state the main result on consistency of the restricted bootstrap, we make

the following assumptions.

ASSUMPTION A:

Al {X;:t > 1} is stationary and ergodic, and {z : t > 1} is i.i.d. with E(z) =0
and V(z) = 1.

A.2. {z :t > 1} has finite fourth order moments; that is, r := E(z}) < oo.

Under the null hypothesis, X; = w'/?z, and Assumption A implies that also {X, :
t > 1} has finite fourth order moments. In order to investigate the properties of the
bootstrap under the alternative as well, we require that finiteness of the fourth order
moments holds under the alternative as well. This is done in Assumption B below.

ASSUMPTION B:



{X; :t > 1} has finite fourth order moments such that r' := E(X}')/(E(X?))? < oco.

Assumption A is needed for asymptotic inference when a parameter is on the bound-
ary of the parameter space (see Andrews, 2001), and provides sufficient conditions for
establishing the asymptotic properties of the QMLEs @T, 0+ and the QLR statistic Qr
when Hy holds. Assumption B differs from classic ARCH QMLE theory which excludes
parameters on the boundary, see for example Jensen and Rahbek (2004) and Kristensen
and Rahbek (2005). This is for two reasons: (i) we consider hypothesis testing with a
parameter on the boundary, and (ii) we establish validity of the bootstrap both under
the null and the alternative. Specifically, Assumption B imposes finite fourth order
moments in order to establish the asymptotic properties of the bootstrap estimators 9;
and 5’;, and of the bootstrap test-statistic ()5 when Hy does not hold, see also Remarks
3.2 and 3.3.

Theorem 2 states that @} converges weakly (in probability) to Qo when the true
parameter 6 satisfies the null Hy, while it preserves the key property of being of order
Oy (1), in probability, under the alternative hypothesis. That is, also the restricted
bootstrap for the ARCH case is consistent.

THEOREM 2 Consider the bootstrap QLR statistic Q% defined in (9). Under Assump-
tion A, with the true parameter 6y € Oy, QF w—*>p Qoo, where Q is given by (7).

Under Assumptions A and B, with the true parameter 6y € © \ Oy, Q% —, 0Qw where
0:= (K —1)/(k—1) < 00, such that Q% = O} (1), in probability.

The proof of Theorem 2 in Appendix A is based on modifying the proof in Andrews
(2001, Appendix D and Section 5.2) for the bootstrap. Thus we first verify consistency of
the bootstrap (un-)restricted QML estimators, and next derive the limiting behavior of
the first and second order derivatives of the bootstrap log-likelihood function, in addition
to verifying details of the parameter space allowing the non-standard expansion of first
derivative of the log-likelihood function at the boundary. A key difference from the non-
bootstrap case is that in order to derive the bootstrap validity, we analyze the behavior
of the restricted and unrestricted bootstrap QML estimators both under the hypothesis
and the alternative. Also, as the bootstrap sample is generated with the restricted
estimator A7 as bootstrap true parameter value, the log-likelihood function is expanded
around the restricted estimator, while (weakly in probability) limit distributions are
characterized in terms of a pseudo-true parameter 98, defined in Appendix A, eq. (A.1).

We illustrate the results of Theorem 2 by simulations detailed in Section 4 which
show that indeed the proposed bootstrap test has correct empirical size for even small
samples, while the asymptotic test is undersized, or conservative. Moreover, in terms of
power, there is no discernible difference between the bootstrap and the (size-corrected)
asymptotic tests.

REMARK 3.1 The computation of the bootstrap p-value, say p%., associated with (9), re-
quires generating B (conditionally) independent bootstrap statistics, Q%.,, b =1, ..., B;
pj is then approximated by py, 5 := B! SF Q% > Qr), and is such that Py g — D



(almost surely) as B — oo; cf. Hansen (1996), Andrews and Buchinsky (2000) and
Davidson and MacKinnon (2000).

REMARK 3.2 As to Assumption B, note that asymptotic theory for the restricted QML
estimator 7 under the alternative requires second order moments for consistency to
the pseudo-true value «98, see Lemma A.l in the appendix, while finite fourth order
moments as in Assumption B are needed to establish asymptotic normality.

REMARK 3.3 One may relax Assumption B to finite second order moments, if the
bootstrap algorithm is modified by combining the restricted parameter estimates with
unrestricted residuals. More specifically, suppose that the bootstrap process as before is
defined in terms of the restricted QMLE 07 as in (8), but with the bootstrap innovations
z; sampled from standardized residuals, say Z;, obtained from unrestricted estimation:
that is, 3¢ are defined as Z but with Z replaced by %, where 2, := X;/0,(07). In
this case, it follows that under Assumption A and the assumption of finite second or-
der moments of the ARCH process, consistency as in Theorem 2 holds with o = 1.
This follows by identical arguments used to establish Theorem 2 by replacing Lemma
B.1 with Lemma B.2 in the appendix. Importantly, note that compared to the simu-
lations reported in Appendix 4 for restricted residuals, (unreported) simulations with
unrestricted residuals imply a marginally larger empirical size.

4 MONTE CARLO SIMULATIONS

In this section small-sample properties of the proposed bootstrap test are investigated
by Monte Carlo simulations for the ARCH process in (5) with different parameter values
under the null and under the alternative. Overall, the simulations show excellent size
and power properties of the suggested bootstrap test based on restricted estimates and
residuals, even for very small samples. Also, the bootstrap test is superior to (i) the
asymptotic test based on Andrews (2001), and (7i) to the familiar Lagrange multiplier
(LM) test for homoskedasticity (Engle, 1982), even when a bootstrap version of the LM
test is considered. Note that based on simulations not included, the use of unrestricted
residuals for the bootstrap algorithm, see Remark 3.3, imply that size is marginally
increased when compared to the proposed use of restricted residuals. Apart from this,
the conclusions remain identical whether or not restricted or unrestricted residuals are
used.

The Monte Carlo experiment is based on parameter values 6y = (g, wp) both
under the null and under the alternative hypotheses. The ARCH process is initiated
at Xo = 0 and its innovations are either Gaussian or t-distributed (with v = 5 degrees
of freedom). Samples of size T € {50, 100,500, 1000} and nominal significance levels of
2.5%, 5%, and 10% are considered. The number of Monte Carlo replications is 10, 000,
while B = 399 bootstrap repetitions are used for approximating the distribution of
Q% in (9), see Remark 3.1.! When comparing the bootstrap test with the asymptotic

LAll computations have been performed using Ox 7.10, see Doornik (2007). Code is available upon



test it is important to account for the fact that, under Hy, Q1 converges weakly to
Qoo = c¢(max{0, Z})?, with Z L N(0,1),c= (k—1)/2 and k := Ez}; see (7). Therefore,
following Andrews (2001) the asymptotic test is based on the rescaled statistic

Qr = E}lQT % (max{0, Z})?

where ¢p == (T ST, 24 —1) is a consistent estimator of ¢ under the null hypothesis
(Andrews, 2001, eq. (5.16)). The Monte Carlo results do not qualitatively differ if ér
is fixed at (the empirically infeasible value) ér = c.

We also compare the bootstrap and asymptotic version of the QLR test with the
LM test of Engle (1982), based on the auxiliary regression,

(Xt - XT)2 - (50 + (51(th1 - XT)2 + 77157 t — 1, ...,T, (10)

with Xgp := (T 4+ 1)"' 327, X;. The test statistic for homoskedasticity is TR?, where
R? is the coefficient of determination from (10), which is asymptotically distributed as
a x%(1) under the null, see Engle (1982). In addition to the asymptotic x? (1) test, we
also consider a bootstrap version of the LM test, see Gel and Chen (2012).

EMPIRICAL REJECTION FREQUENCIES UNDER THE NULL. Empirical rejection fre-
quencies (ERFs) under the null hypothesis are reported in panel (a) of Tables I and
IT for Gaussian and t-distributed innovations respectively and ARCH parameter values
90 == (Oéo,tdo)l = (O, 1)/

For the Gaussian case in Table I, the bootstrap test has excellent size properties,
with ERFs very close the nominal levels. This is the case even for sample sizes as
small as T" = 50. On the contrary, the asymptotic QLR test and asymptotic LM tests
are conservative in small samples, with ERFs much below the corresponding nominal
levels. The bootstrap version of the LM test has fine size properties, although it is
slightly conservative.

For t-distributed innovations, Table II, the performance of the bootstrap is again
excellent, with only a minor size deterioration in very small samples with respect to the
Gaussian case.

EMPIRICAL REJECTION FREQUENCIES UNDER THE ALTERNATIVE. ERFs under the
alternative are reported in Tables I and II, for Gaussian and ¢-distributed errors, respec-
tively. We consider a sequence of points 6y under the alternative by choosing «q from
the set {0.1,...,0.7} with wy = 1. For each parameter point 6y = (ap,wo) we report
pointwise size adjusted ERF's in panel (c¢) and non-adjusted ERFs in panel (b). Also, in
order to challenge the robustness of our statistical analysis and conclusions, parameter
configurations with aq large, ag > 1/4/Ez2¢, imply that Assumption B is violated.
The pointwise size adjustments® imply that the ERFs under the alternative for
the different tests are directly comparable as they have identical empirical size, see also

request.

2The size adjustments are constructed by choosing a nominal level that for given sample length T
would have given the desired, say 10% rejection frequency under the null hypothesis. This adjusted
nominal level is then used for parameters under the alternative. The size-adjustment is by construction
infeasible in practice, but as noted it allows direct comparisons of the power properties.
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Davidson and MacKinnon (2006). As reflected in Tables I and II the asymptotic versions
of the QLR test and the LM test are quite conservative for finite samples, and hence
the size adjusted rejection frequencies reported in panel (c) differ from the unadjusted
ERFs under the alternative. Similarly, size adjusted and unadjusted bootstrap tests
ERFs are almost identical due to the excellent size properties implying minor, if any,
size adjustments.

In terms of power, or ERF's under the alternative, we note that there is no discernible
difference between the bootstrap test and the corresponding (size-adjusted) asymptotic
test, and moreover, the QLR tests have markedly higher power than the (bootstrap)
LM test. Also the imposed violation of Assumption B seems not to be cruical.

REMARK 4.1 Unreported simulations show that, in line with the unrestricted bootstrap
for the location model, see (2), that a bootstrap test based on the unrestricted ARCH
parameters as expected performs poorly, in particular also when compared with the
restricted bootstrap reported here.

5 CONCLUSION

In this paper we have established — for the leading examples discussed in Andrews
(2000) — the result that consistency of bootstrap hypothesis testing when a parameter
may lie on the boundary of a parameter space can be obtained by simply defining the
bootstrap data generating process in terms of parameter estimators restricted by the null
hypothesis. The corresponding ‘restricted bootstrap’, which as mentioned has recently
been applied to solve inference problems in non-standard settings such as hypothesis
testing in nonstationary co-integrated models (Cavaliere, Rahbek and Taylor, 2012;
Cavaliere, Nielsen and Rahbek, 2015; Boswijk, Cavaliere, Rahbek and Taylor, 2016),
is therefore argued to be an important tool for approximating limiting distributions
of parameter estimators and test statistics in the case of inference in models involving
parameters on the boundary of the parameter set.

Consistency of the restricted bootstrap may be extended to more involved and em-
pirically relevant testing problems in which the true parameter is on the boundary of the
parameter space. However, in general when considering likelihood-based inference and
the bootstrap, we emphasize, in line with Andrews (2000), that the restricted bootstrap
is indeed not a universal tool in non-standard settings, but should be studied carefully
for each case by verifying consistency of the bootstrap.

We conclude by stressing that the focus of the present paper is on bootstrap hypoth-
esis testing based on parameter estimates restricted by the null hypothesis. A natural
continuation of our work could be to investigate whether the restricted bootstrap may
be a helpful device for constructing (uniformly valid) confidence sets for a parameter
which is not necessarily in the interior of the parameter space. In this framework, one
could in principle consider confidence sets based on (restricted bootstrap) test inver-
sion, as done e.g. in Hansen (1999), where a variant of the restricted bootstrap, the
so-called grid bootstrap, was successfully used to deliver confidence sets for the largest
autoregressive root in AR processes with a possible unit root. This is left out for future

research.
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TABLE 1

EMPIRICAL REJECTION FREQUENCIES FOR THE BOOTSTRAP AND THE
ASYMPTOTIC TESTS OF NO ARCH EFFECTS: (GAUSSIAN DISTRIBUTION

(a) Size

QLR: Bootstrap QLR: Asymptotic LM: Bootstrap LM: Asymptotic
T\0 2.5 50 10.0 2.5 50 10.0 2.5 50 10.0 2.5 50 10.0
50 2.4 53 10.6 1.4 3.0 7.1 2.2 4.4 94 1.3 2.9 6.7
100 2.7 5.4 10.6 1.7 3.6 7.7 2.3 4.8 9.7 1.7 3.6 7.8
500 2.7 51 10.1 2.1 4.3 8.7 2.6 5.0 9.8 2.4 4.7 9.1
1000 2.5 5.1 10.3 2.2 4.5 9.1 2.7 5.2 10.1 2.4 5.0 9.6

(b) Power

QLR: Bootstrap QLR: Asymptotic LM: Bootstrap LM: Asymptotic
ag\T 100 500 1000 100 500 1000 100 500 1000 100 500 1000
0.1 34.7 741 921 29.2  71.8 913 24.5 625 852 22.2  61.6 85.1
0.2 60.0 97.9 100.0 54.3  97.5 100.0 449 947  99.8 42.0 943 99.8
0.3 78.1 100.0 100.0 73.6  99.9 100.0 63.0 99.6 100.0 59.5  99.6 100.0
0.4 88.4 100.0 100.0 85.8 100.0 100.0 76.2 100.0 100.0 73.0 100.0 100.0
0.5 94.0 100.0 100.0 92.5 100.0 100.0 84.4 100.0 100.0 81.6 100.0 100.0
0.6 97.0 100.0 100.0 96.1 100.0 100.0 89.6 100.0 100.0 87.1 100.0 100.0
0.7 98.5 100.0 100.0 98.0 100.0 100.0 93.4 100.0 100.0 90.7 100.0 100.0

(c) Size-corrected power

QLR: Bootstrap QLR: Asymptotic LM: Bootstrap LM: Asymptotic
ag\T 100 500 1000 100 500 1000 100 500 1000 100 500 1000
0.1 33.7 741 921 33.5 740 92.0 24.7 629 85.2 249 628 854
0.2 59.0 97.9 100.0 59.0 97.8 100.0 45.2 947  99.8 452  94.6  99.8
0.3 77.5 100.0 100.0 77.3 100.0 100.0 63.4 99.6 100.0 63.2 99.6 100.0
0.4 88.0 100.0 100.0 87.9 100.0 100.0 76.4 100.0 100.0 75.5 100.0 100.0
0.5 93.8 100.0 100.0 93.9 100.0 100.0 84.7 100.0 100.0 83.7 100.0 100.0
0.6 96.7 100.0 100.0 96.9 100.0 100.0 89.8 100.0 100.0 88.7 100.0 100.0
0.7 98.4 100.0 100.0 98.3 100.0 100.0 93.5 100.0 100.0 92.3 100.0 100.0

Notes: Panel (a):

Size properties for nominal levels 2.5%, 5%, 10% and sample length T' € {50, 100,

500, 1000}. Panel (b)-(c): Power properties for nominal level 10%, sample length 7' € {100, 500, 1000}
and ARCH parameter « € {0.1,...,0.7}. The asymptotic test is based on the rescaled statistic.
Empirical rejection frequencies are presented in panel (b), while pointwise size-corrected results are

presented in panel (c¢). Based on B = 399 bootstrap repetitions and 10,000 Monte Carlo replications.
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TABLE II

EMPIRICAL REJECTION FREQUENCIES FOR THE BOOTSTRAP AND THE
ASYMPTOTIC TESTS OF NO ARCH EFFECTS: t—DISTRIBUTION

(a) Size
QLR: Bootstrap QLR: Asymptotic LM: Bootstrap LM: Asymptotic
T\6 2.5 5.0 10.0 2.5 5.0 10.0 25 50 10.0 25 5.0 10.0
50 3.1 6.3 120 1.4 34 7.7 2.3 44 8.2 1.5 2.8 5.3
100 2.9 5.7 11.2 1.5 3.6 7.6 23 44 8.4 20 3.2 5.5
500 2.5 56 10.7 2.1 4.2 7.8 2.5 4.6 8.8 24 3.7 6.2
1000 2.7 54  10.3 2.4 4.5 8.0 2.4 4.5 8.6 24 3.7 6.2
(b) Power
QLR: Bootstrap QLR: Asymptotic LM: Bootstrap LM: Asymptotic
ap\ T 100 500 1000 100 500 1000 100 500 1000 100 500 1000
0.1 30.6 61.7 81.2 23.7 55.0 76.2 224 522 T2.7 175 46.1 66.8
0.2 495 90.2 98.8 419 87.0 98.0 38.0 83.3 96.5 31.9 785 945
0.3 64.4 98.0 99.8 57.8 97.0 99.7 51.3 948 99.3 45.0 91.8 98.6
0.4 75.1  99.5 100.0 70.0 99.2  99.9 62.1 98.2 99.7 55.6  96.6 99.3
0.5 83.8  99.9 100.0 79.2  99.8 100.0 70.4 99.1  99.8 63.9 98.1 995
0.6 89.1 100.0 100.0 85.9 100.0 100.0 77.0 995 999 70.4 98.8 99.6
0.7 92.7 100.0 100.0 90.3 100.0 100.0 81.9 99.7 100.0 75.5  99.0 99.7
(¢) Size-corrected power
QLR: Bootstrap QLR: Asymptotic LM: Bootstrap LM: Asymptotic
ap\ T 100 500 1000 100 500 1000 100 500 1000 100 500 1000
0.1 28.8 60.5 80.6 28.7 60.3 80.5 24.7 b54.1 745 23.1 529 735
0.2 477 89.7  98.7 473 89.6 98.6 40.5 84.5 97.0 38.6 83.3 96.1
0.3 62.4 979 998 62.7 977 998 53.8 952 994 51.8 94.1 99.0
0.4 73.7  99.5 100.0 73.9 99.4 100.0 64.4 98.4  99.7 62.2 97.7 995
0.5 82.6  99.9 100.0 82.7  99.9 100.0 72.5 993  99.8 70.1 98.7 99.7
0.6 88.3 100.0 100.0 88.2 100.0 100.0 79.0 99.6 99.9 76.5 99.1 99.7
0.7 92.1 100.0 100.0 92.0 100.0 100.0 83.7 99.8 100.0 80.9 99.3 99.8

Notes: The t-distribution for the innovations has v = 5 degrees of freedom. Se also notes to Table I.
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APPENDIX

A PROOF OF THEOREM 2

The proof of Theorem 2 is given by verifying and modifying the arguments used to
establish Andrews (2001, eq. (5.15)) for the bootstrap case. Specifically, we estab-
lish: (i) that the structure of the parameter space allows the non-standard Taylor-type
expansion at the boundary; (7i) consistency of the bootstrap QML estimators; (ii) con-
vergence of the score and information (uniformly). More precisely, (i)-(iii) are verified
as follows:

(i): On the parameter spaces © and Oy:

Recall that the parameter spaces are defined as © := {(a,w)'|0 < a < ay, 0 <
wr <w <wp}and Oy = {(,w)|a = 0,0 < wy, < w < wy}. Also, recall that the
true parameter 6, := (v, wo)' is assumed to be in © such that the restrictions defining
© are only binding possibly at ag = 0 (see Section 3). Moreover, as it will be clarified
in the following, in order to analyze the asymptotic properties of the restricted QMLE
under the alternative, it is assumed that also the pseudo-true value 05 defined by

) == (0,w})’, (A1)

with w} = wo/(1 — ag), is in © and such that w) < wy, which is without loss of

generality as wy can be chosen arbitrarily large.

Finally, with respect to the regularity conditions on the parameter spaces in Andrews
(2001), the shifted parameter spaces © — 6, and Oy — 6, are nested in the cones A and
Ay respectively, where these are defined by A := [0,00) X R and Ay := {0} X R, see
also Andrews (2001, p.701 and p.711). Observe that the same holds for the sets shifted
by the bootstrap pseudo-true value; that is, © — 98 and Oy — 92) are nested in A and
Ay respectively. Hence, as 07 — 08 = 0, (1), which is discussed below, then for T
large enough, this holds for 67 as well such that the likelihood expansion in Andrews
(2001) can be applied around the bootstrap true-value A7 instead of the (sample) true
parameter 0.

(ii): On consistency of the bootstrap QML estimators:

A key assumption in Andrews (2001, Appendix D, verification of Assumption 1*) is
consistency of the (non-bootstrap, or standard) QML estimator to 6y. For the bootstrap
analysis we as mentioned expand the bootstrap likelihood function around @T, the
bootstrap true value. Hence in Appendix A.1 it is established that the bootstrap QML
estimators are consistent, that is, 9; — O = o5 (1) and 9; — 0y = 05 (1), in probability.
We prove this in two steps in Appendix A.1. First we consider the standard QML
estimators 07 and éT, both under the null and the alternative, and second the bootstrap
QML estimators. Note that when considering asymptotics under the alternative we
introduce the set O := © \ Oy, and use the result that, with 6y € Oa, Op — 98 =0, (1).

(iii): On the bootstrap score and information:
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In Appendix A.2, Lemma A.3, the results for the bootstrap score and bootstrap
information replace their sample equivalents (Andrews, 2001, Appendix D, verification
of Assumptions 2* and 3*). Specifically, in Andrews (2001) the score (information)
is evaluated at (in a neighborhood of) 6y, while here the bootstrap equivalents are
evaluated at (in a neighborhood of) the bootstrap true value 0.

Summarizing, (i)-(iii) above establish the regularity conditions for the bootstrap
such that the asymptotic expansion applied in Andrews (2001, eq. (5.15)) in terms of
the score and information hold for the restricted bootstrap. Specifically as in Andrews
(2001, eq. (5.15)) for Oy € O the results on the score and information in Lemma A.3

imply that for the bootstrapped LR statistic Q% = 2(L*T(9;) — L3(67)) in (9),
Qi 5, ¢t (max (0, 2))?,

under Assumptions A and B with ¢f = (/@T — 1) /2. Next, use that by definition ¢ = cp

with o = (K;T — 1) /(k — 1) and hence Q% =, 0Q+ as claimed. Finally, observe that
when 0y € Oy, Assumption A implies Assumptions B and B’ hold (and x' = &, cf.
Remark A.1) and o = 1.

A.1 CONSISTENCY OF (STANDARD AND) BOOTSTRAP QML
ESTIMATORS
When establishing consistency we can relax Assumption B as follows (see also Remark
3.3):
ASSUMPTION B’

{X; :t > 1} has finite second order moments.
Consider first consistency of the QML estimators O and Or:

LEMMA A.1  The following results hold as T — oo:
(i) If 6o € ©, and under Assumption A.1, then f7 — 6y = 0, (1);
(ii) If 6o € On, and under Assumption A.1, then 07 — 0y = o, (1);

(iti) If 6y € ©a and under Assumptions A.1 and B, Or — 0} = o0, (1), where 0} :=
(0,w}) € On, wh = wo/ (1 — ay).

Observe that a bootstrap sample generated with bootstrap true value 93 will be
(conditionally on the original data) i.i.d. with mean zero, constant variance wg and will
satisfy the null hypothesis.

The next lemma extends Lemma A.1 to the case of the bootstrap QML estimators 9;
and é*T In particular, it demonstrates that they converge, as T — oo, to the (limiting
bootstrap) pseudo true value, 6’8.
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LEMMA A.2 Under Assumptions A.1 and B, the following results hold as T — oo:
(i) If Oy € Oy, 9; — 0 = 0 (1) and [ o5 (1), in probability.

A%

ii) If Oy € Op, 0 0l = o (1) and 0 — 0f = o (1 , in probability.
T 0 P T 0 P

A.1.1 Proor or LEMMA A.1

For the unrestricted estimator 9T the result holds for 6, € © by Kristensen and Rahbek
(2005, Theorem 1). For the restricted estimator, note that 07 = (0,&7)" with (for T
large enough) wp = T—! ZtT:l X2, such that by standard application of the law of large

numbers, &y = EX? < oo for any f, € © by Assumption B’. In particular, with
0o € O, EX? = wg, while if 0y € O, EX? = wo/(1 — o) = wg.

A.1.2 PROOF OF LEMMA A.2

Note initially that, for T large enough, f; = (0,@%) with @ = TS X2 =
Or + (T3, (22 — 1)). Conditionally on the original data, 22 — 1 is ii.d. with
mean zero, such that by standard bootstrap arguments @} = &+ o5 (1), in probability,
see also Lemma B.3 below. The fact that under Assumption B, & = w{ + op (1) finally
implies &% = w) + 05 (1), and hence the claimed result for 07 holds.

For the unrestricted bootstrap estimator 9;, we establish in probability,

sup |7.L7 (0) — Egi 6 (0) | = o} (1), (A.2)
0cO

where E,i denotes the expectation under the probability measure indexed by 6’8, that
0

;
is, —2E 0y () = E(log(w + aw}z2) + w+:£$z§>' As —2E(, () has minimum in 6], it

holds that 6, — 6} = 05 (1), in probability.
To establish (A.2) use initially the triangle inequality to see that,

sup | 1L (0) = Byt (0)] < sup|3.17.(0) = 47 (0) (4-3)
) 0co
+sup |E*; (0) — Bty ()| =: sup |G (8)] + sup |Gr (0)] .
=C) 0 CEC) =)

We apply the uniform law of large numbers (ULLN) in Lange, Rahbek and Jensen
(2011, Lemma 3) to show uniform convergence of G (+), and the bootstrap ULLN in
Lemma B.4 for G% (-). Thus for each term we first establish pointwise convergence,

Gr(0) % 0 and G% (6) p—*>p 0 respectively, as 7" — oo. Next, we establish stochastic
equicontinuity as detailed below for each of the two terms.

POINTWISE CONVERGENCE OF G (6) AND G%. (0)
Consider first Gr (0):
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We establish that F |G (0)| = o (1) which implies pointwise convergence. By defi-
nition,

—2(E*0; (0) — Ee(f)ét ) = * i <log (w+ a@rZ?) — Elog <w + awézf))
+ (st 2 (k) (A

A first order expansion of the log (-) term in (A.4) around w) and 22 gives

T
Z log(w + awrz?) — Elog(w + aw)z?)

'ﬂl>—‘

T
3= log( + awhz}) — Elog(w + awhsd)| + or — wh| Mr,

’ﬂIH

a2

where, with A, € [0, 1],

My = | SR+ 1 WA <ty iy v 2o 0
= | = — M)z — — Nz = — N 2=
T HV R e A T&ET TP

IIMH

where we have used the fact that 7-' 327 252 = 1. Observe that with v; (A) := log(w +
aw}22) — Elog(w + aw]22), then by the Weak law of large numbers, T-* 3 v, (6) =
0,(1), as z is i.id.. Likewise, Oy — w) = o0, (1) under Assumption B’. Moreover,
7' (22 = 1) = 0, (1), which establishes the desired for the log (-) term.

For the remaining ratio term in (A.4), observe that

T 1 T
1 wr _ “o _ 1 ( ) _ “o
T Zl <¢‘J‘~‘0<WTZS2 E (w—l—awng)) T E w+asz52 T Z w+asz E w—l—awng !

t=

where the first term is bounded by |07 — wg‘ Jwy, and hence o, (1). As above, a first

order expansion around w)) and z? gives

T ol T ol T

22 (ortr - E (o)) <P 2 A0+t R 2G|+ W),
i=1 TZt wtawqz; i—1 L =1

with 3, (6) := m —F (ﬁ)’ and which, as before, implies the desired for the

remaining term in (A 4) and hence for the second term in (A.3).

Consider next G% (0):
We now establish G% (0) := T~'L% (6) — E*¢% (0) %, 0. By definition,

AL O) - FE @) = X (log (o + adrah) — log (o + adrz?))

t=1
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T
1 wrzf w . * ~ *
+7 Z ( Lo — - s2> = K{p+wrKsp.

w—i—aszt 1 wtalrz

We show that K7 = o5 (1), in probability, i = 1,2, such that, coupled with the fact
that @y = O, (1), the desured result follows.

Consider K7 ;. first, and observe that it can be written as K7 ;. () :== T ST (K1 (0)—
E*(k3, (0)), where k7, (0) := log (w + awrz?,) with E*(k},(0)) = T! ST log(w +
awrZ?). Conditionally on the sample, £}, (6) — E*(k7, (f) is an i.i.d. sequence, so the
conditional WLLN in Lemma B.3 applies as E*|x}, ()| < K < oo for some constant
K. To see this, observe

T
E* ki, (0) | = 7 3 |log (w+ awrz?) | < logwr| + (1+ ap) wy =: K < oc.
=1

*2

Consider now K;‘T(H) = T (k5 (0) — E*(k3, (9)), with k3, (0) = s

t—1
such that E*(k3,(0)) =T ST W Since (conditionally on the data) 3, () is
independent of «3 , (¢), |t’ —t[ > 1, we split K, (0) as Kz,(T (0) + KZ,(T (0), where

Ry (0) =T (w3, (0) — B (3, (0))I(t € {1,3,...})

o0 (0) =T (w5, (0) — E* (i3, (0)L(t € {2,4,..}),

such that each of the two terms K9 (6) and K;' (6) averages approximately 7'/2
(conditionally) zero mean i.i.d. random variables. Then, we can apply the conditional
WLLN of Lemma B.3 to each of the two terms K;(;) (0) and K;(;) (0) once it is verified
that E*[x35, (0) | = O, (1). This follows by noticing that

:E*Z2 E*

Er|ry, (0) | = E7

_ 1 1
T2 srasrse Swi <00,

w+asz, 1 =

w+aszt 1

thereby implying that G (0) = K + @T(K;,(;) + K;(;)) p—*>p 0.

STOCHASTIC EQUICONTINUITY OF Gr (0) AND G (0)

Consider first Gr (0):
By the ULLN in Lange, Rahbek and Jensen (2011), the stochastic equicontinuity
condition for Gr () = + S°7 . g¢ (A) which implies the uniform convergence is given by

Esup |2g; (0)] = E sup ‘(log (w+ adrZ?) + —2L5) — E;il, (0)| < C < 0.
0O ) 0

w+taTZ;

From the pointwise arguments on G (), this simplifies to

Esup (Jv, (0)] + 5, (0)]) < C
0cO
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where v, (/) = log(w + aw)22) — Elog(w + aw}z2), and 8, (0) = - L — B n L.
w Oéw Z w OC(UOZ

Note that |5, ()| < 2/wr, and Esupyeg |v¢ (#)| is bounded by standard arguments for
ARCH models (with true parameter 6, := 0}) in Kristensen and Rahbek (2005).

Consider next G (0):
By Lemma B.4 the uniform convergence is implied by showing that for all 6,, 65 € O,

GT (01) — G7 (62) | < Brh (|01 — 62]]),

where E*B}. = O, (1) and h(z) — 0 as x — 0. To establish this, rewrite G’ (0) as
Gy (0) = —3 (Nj (0) + M; (9)) with

2

N

M* ( ) ' T "J+U;Z’?Zt21 %t—l w+awaTzS2 = mTT (9) B m;T (9)7

!

N7 (0) = % (log (w + ozdszﬁl) — log (w + acDTéfZ)) =:njp (0) —n5p (0).

t=

[y

Consider first m3; (6):

[map (01) —map (02) | < TT t:z:l |wl+a11szg2 - W2+a21sz§2
o e ]
t=1 T2 1+a1075]%)
= 253 (fr — ] + s — el 625)
— ~—%L“(\(,ug —wi| + | — 1| @rg t_zl 752)
< @T%(|W2_wl|+|a2_al|) : B, rh (101 — 62])),

where h (z) = x and E*B

ma, T —

=B <& @:opu).

Next, consider mj, (#) where similarly,

ma,T

T

t_zl ((w1 —wo) 272+ (o — ag)szt21zf2)

miz (62) — mir (62)| < |2

Nl

< O 2ET) max (L ZZZQJ%ZZ} 127) (lwr — wa| 4 |on — )
=: By, rh(|[01 — 02]]),

and E*By, = O, (1) since

“
Il
—
o~
Il
—
o~
Il
—
-
Il
—_



Turn to n%; (6), where by the mean-value theorem with (a,w) = A0; + (1 — \) 0, for
some A € (0,1),

T T
1 1 a1 a2 sz
[ (01) = mir (62) [ < |7 2 (wf;w;i%) T 2 (urains? tl)1

< optEem(1 4+ %t_le;?l) (Jw1 — wal| + a1 — agl)
= By, 7 (lw1 — wa| + a1 — azl),

with E*B}; = op23Eer) — O (1). Finally, consider n}, (6) where,

L

T T
1 ) 1 552
i () = 0 < [} 5 Loy 35 oo
< BEE 101 — 02l =: By, 1 1|61 — 6],

with E*By, . = BX ;. = O, (1).
With B} .= B, +By, ++B) ++B;: rand h(z) = x the stochastic equicontinuity
of G () thus holds as desired.

A.2 BOOTSTRAP SCORE AND INFORMATION

Consider here the (scaled) bootstrap score and information as defined by

T T
Si6) = $ 351 (6), Ji (6) =} 3 5; 6),
where s} (6) := —20¢; (0) /90 and j; (0) := 20%¢; (0) /0006'. The following result holds
irrespectively of the null hypothesis to hold.

LEMMA A.3 Under Assumptions A and B and with 0y € © it holds that as T — oco:

TV285(07) S, N (0, (st = 1)JY)  and  Jp(0r) 5, Jt (A.5)
where
1 w!

with x', defined in Assumption B, equal to k' = k(1 — a2)/(1 — kal). Moreover, the
convergence of Ji. (+) holds uniformly (in probability); that is,

= (0) - J1| &, 0. (A.7)

0co

REMARK A.1 Note that for 6y € Oy, Assumption A implies Assumption B holds and
the results in Lemma A.3 hold with the entries wg and ' in BT reducing to wy and &,
respectively.
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PrROOF OF LEMMA A.3: For the convergence to the Gaussian distribution in (A.5),
notice first that by definition, s; (0) = (1 - X ) L (1, Xt*fl)/, such that

w+oth*El w—&-ocX;‘El
sifr) = (1—2%) = (1, X%)".

wT

With F; | = o (X; ;4> 1), it follows that E*(s} <9T> | F£1) = 0 and we verify
classic regularity conditions for the CLT for martingale difference arrays in Dvoretzky
(1972, Theorem 2.2) in the bootstrap case. The conditional variance is given by

E*(s;(0r)s;(Or) | Fry) = EY((1-27)" & (LX2) (LX) | F)

T
= LXE) (LR X (-5

T

By Lemma B.1, T~! Zt (1= ~32)2 2,k — 1. Moreover, by Lemma A.1, Oy 2 w]
and,

1§iuxﬁYuxﬂﬂiz«—(1 “3)
T | A | P = T 12

t=1

by Lemma B.3. Collecting terms, the average conditional variance of s¥(f1) satisfies
T . -
b3 B (57 Br)si (BrY | Fi) 2 (51 = 1)

with Jt = wE_ZET. Finally, the Lindeberg condition holds by showing that for any ¢ > 0
and A = (A, ) € R?,

%éE%Wﬂ%WMWﬁ@N>JW»:E%Wﬂ%wmw% Wwﬂ@)eo

where the equality holds by (conditional) stationarity. First, observe that by definition
Nsi(0r) = 07" (1= 272) (A1 + Aa@rz;2y). Using the standard inequality |zy| < 22432,
we can use the bound E*((X's;(07))2L(|N s (07)] > €T/?)) < & 1 + &5, where

G = 2B ((Vsi@n)1( (1= 22) &2 > 1))
QﬁzéE%W§@meﬁ%@ﬂ&F>JW».
By (conditional) independence of z; and z; |,
G = &E (=210 (1= 22) £ > ) B* (4 + deior?)”)
= 0, (1) Op(1)

since @' E*((A\; + )\gchz;‘2)2) = Q'™ lzt L (A1 + Xowrz 2)? = O, (1) by applying
Lemma B.1(i), while

B (=) 1(1 (1= =) £ P > er'2))
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T
_ %Z 52) (| (1-22) ~1T’2 > 6Tl/z) LA

t=1

by using Lemma B.1(ii) with ¢ = 1/4. By the same arguments we also find that

€30 = 0, (1). This verifies the Lindeberg condition, and therefore that 7%/255(fr) Y
N(0, (kT —1)J7).

Turning to the information, we have that, by definition, J&(0) = T-' Y1, j; (0)
with

!

it 0) = (255% — 1) ok (LX) (LX)

Hence as for the score,

~ T .
Jr0r) = 2530 (222 - 1) (1,X2) (1,X2) 2, 2

o~
Il
—

which establishes (A.5). Next, to establish (A.7), we apply Lemma B.4. Observe first

that ,
5 O)] = | (257axem —1) et (LX)

1+X74
) <w—;1> And moreover,

!/

(17 Xt*zl) —

with 67 := (24

~ * wQZ* T
E*é; — E* ((20.}55152 + 1) (1+ JLt‘ll)) — (2UJT _,_1) 1 <1+ %2254) £> 57

with § := (2% + 1)(1+wg Gl ), which establishes (A.T7). O

B AUXILLARY LEMMAS

In this section we list some auxiliary lemmas used in the previous. These include a
bootstrap weak LLN and a bootstrap uniform law.

LemMmA B.1 With {Z} : t > 1} defined in Section 3, under Assumptions A and B,
as T — oo, (i) TV, 24 2 kb and (i) for any ¢ € (0,00) and for all ¢ > 0,
Np =TS0 24(| %] > e19) 2 0.

PRrOOF: For Part (i), using the equality Z; = @;UQXt, we have that

T Z 7t — (T—l tz:jl (X, - XT)2> S > (X, — Xp)" 2w

i=1
under Assumptions A and B.
For Part (ii), we first show that
T
Np =23 X/T(X)| > T?) 50 (B.1)
=1
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and next that (B.1) implies that Ny = 0. The result in (B.1) follows as in van der
Vaart (1998, proof of Theorem 23.4) by noting that for any M < €79, almost surely

(a.s.)

T
]- a.s.
Nr < D (XPUXT > M) “S gy = EXPUX] > M),
t=1

by stationarity and ergodicity of X; and Assumption B. Choosing M large enough ,,
can be made arbitrarily small and hence, for any small n, lim sup N; < n a.s., such that
(B.1) holds. 3 _

Next, consider Nr. Notice that the restricted residuals satisfy 25 = s_(X; — X7)

with s2 == TS0 (X, - XT) —, 02 := V(X?) under Assumptions A and B. We

may also express s2 as s2p = 02 (1 + BT) where Br := 0,%(s2p — 02) = 0,(1). In

particular, for any 0 < p < 1, (1 + By) > p with probability tending to 1 as T" — oo.
Hence, for T' large enough,
I(|Z]] > €T = I(|X; — Xp| > es2,T9) = (| X; — Xr| > ea2T(1 + Br))
H (‘Xt — XT| > Cqu),
with ¢, := eo2p > 0. This again implies that

T

T
INTEHU(E > ) < 2> (X — Xp) ' T(|1X, — Xr| > ¢,17)
t=1

t=1

T
< 7hr DO XX > ¢, T%) + 0, (1) = 2 Np + 0, (1).
t=1
To see why the last inequality holds, use that
I(1X: — Xp| > ¢, T7) <T(|Xe| + [ Xr| > ¢,79) <T(|Xy] > 2T9) +1(| Xr| > 2T7)

which implies

T
E (% - K (% Sl > 0T%) < 1Y (% %) 10 > 57
=1 t=1
53 (X0 = Xn) " T(|Xr| > 377)
t=1
where
T —
) (X (| Xr| > 2T =1 (|Xr| > £77) O, (1) = 0, (1)
t=1

since I(| X7| > 277) % 0. Moreover, by the standard inequality (z + ) < e(at+ Y
for some finite constant ¢ > 9,

T
%Z (X > $T7) < £ Y XT(X] > §T) + X ZH |1X;| > 79
t=1

t=1
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where the second term on the right hand side is of o, (1) using X% = O, (1) and the
same arguments used for proving (B.1). This shows the missing result that Ny 2 0
implies Ny 2 0, as required. (]

LemMMA B.2 With {2} : t > 1} defined in Section 3, Remark 3.3, under Assumptions
A and B’, as T — o0,

PROOF: By definition, %, = X,/0¢(07) = 20.(00)/04(07). Consider first the case of
ap > 0, for which is follows that with d7 = o, (1),

82 = 22(1+ 1), (B.2)

such that T-1 3] 28 % Ez} = k under Assumption A and B’. To see (B.2), observe
that,

{ (o — wo) (&T_O‘O)XtQ—l

Z wTJraTX ‘Z)T‘i’&TX?_ 1 )

and use, with 07 1= d17 + dar,

(br—ao)X?
Grt+arX2 |

WT—Wwo
Or+arX2

< lbr—wol .5, =0, (1) and

= o7 < Bzt - =: 0y = Op (1)

= lar|

Next, consider the case when oy = 0, where by definition

. o (Or—wo 2 drwo
Z Zt “t {wT+OéTX2 + Zt_l‘-:)T‘i‘dTth—l }
Q7 —wo |or—wo| __ : drwo ler] . _
As before, S| < Tan = 017, while S| S Brjwl T dsr = 0, (1).

Collecting terms,
2? = ZtZ (1 + 51T -+ Zt27153T)7

and hence

sl

T T
Zéf:%z,zt 1—|—(51T—|—Zt 163T TZZt+Op
t=1

t=1

where we have used that under Assumptions A and B’, 62,7321 2224 | =0, (1).00

LEMMA B.3 (WLLN) Let {Z} : t < T} denote a bootstrap sample obtained by i.i.d.
resampling of the triangular array {Zr; : t <T'}. Suppose that jip == E*(Z}) L ueR
and E*|Zf| < Cr, where Cr is a function of {Zr, : t < T} such that Cp 2 ¢ € R.
Then, 7% p—*>p wand Z% — fir p—*>p 0 asT — oo.
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ProoF: With u € R, denote the characteristic function of Z;, conditional on {Zr,t <
T}, by ¢"(u) := E* (exp (iuZ})). Since E*|Z}| < Cr = O, (1), a stochastic Taylor
expansion (see e.g. van der Vaart, 1998, p.15) yields

o1(7) = B (exp(7Z7)) = 1+ Tiir + 0p(7) -

T
By the conditional independence of Z7, Z3 has (conditional) characteristic function
satisfying

br(u) == E* (exp (iuZ3)) = (6" (u/T))" = (1+ 2y + 0,(£))" L exp (iup)

Therefore, Z_}i gp p, which also implies Z% p—*>p 1 by standard arguments. Since
Zy — fip = 23 — pu+ (— fop) = Z3 — i+ 0, (1), the second statement in the lemma
also holds. 0

LEMMA B.4 (ULLN) Let{Z; :t <T} and {Zr; :t < T} be as in Lemma B.3. With
G2 (0) a function of 0 € © C R* for some k > 1 and of {Z} :t < T}, assume that the
following conditions hold:

(i) © is a compact subset of R¥.

(ii) For all 0 € ©, G5 (0) 5, 0.
(iii) For all 0,0 € ©,
G (0) = G7(6') | < B (]|6 = ¢']]) (B.3)

where h () — 0 for x — 0 and B} is independent of 0 and such that E* (B}) =
Op (1)

Then, as T — oo,

sup |G- (6) | 2, 0.
0cO®

PrOOF: The proof follows by arguments similar to Lange, Rahbek and Jensen (2011).
First notice that, since © is a compact subset of R¥, it holds that for any § > 0 there
exists a finite cover {B (0;,0), j =1,...,J} of ©, where J is a finite number, such that
for any 01,0, € B(6;,6), ||02—61]| <0 (all j =1,..., J).

By standard inequalities

sup |G (0) | = sup|Gr(0) — G (6;) + G7 (6;) | < sup |G7 (0) — G7 (6;) | + |G (0) |
0cO 0cO 0cO

< max sup |Gh(6)— Gy (0)] + max G (6)) .
j:L..,J 9’63(9],5) jil,..,J
Since for all #;, condition (B.3) implies

sup |G (0) — G3(0) | < Brh(||0" = 0]]) < Byh (),
0'€B(0;,5)
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we have that

sup |G7 (0) | < Bph(0) + max, |GT( i) -
e J=h

This implies that
p* (sup |GT(0) ] > 26) < P*(Bph () >¢€) + P ( max |G (65) | > e>, (B.4)
e

where by Bonferroni’s inequality, the pointwise convergence assumption and the finite-
ness of J we have that

p (jnﬁ),(J|GT )| > e> ZP (IG5 (8,) | > ¢) 2 0.

Regarding the first probability on the right hand side of (B.4), it suffices to notice that
by the conditional Markov’s inequality
1 h (o
P (Bih(0) > ) < LB By () = "D (5y),

€

and

P(P*(Bih(5)>€)>y) <P (@E (B:) > 'y) e (E (B:) > %) .

Since £* (B7) is an O, (1) random variable, the latter probability can be made arbi-
trarily small by picking 6 small enough. [

27



